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ABSTRACT. Among other means, an integral representation gives

the meromorphic continuation and the functional equation of an

automorphic L-function. In this note, recalling the doubling method
as an example, I will try to give some feeling for the techniques.

It is often the case that unique models play a role. In the case

of GSp(4), I will review the basic fact about the Whittaker model

and the Bessel model.

1. INTRODUCTION

Let F' be a number field and A the ring of adeles of . Let G be
a connected reductive algebraic group over F'. Let Lgusp(G) denote

the space of square integrable functions f on G(F)\G(A) (with fixed
central character) such that

/ fluz) du
UFN\U(A)

for almost all x € G(A), where U is the unipotent radical of any proper
parabolic subgroup of G over F. Then G(A) acts on L2, (G) via the
right regular representation and Lgusp(G) decomposes to a direct sum
of irreducible representations of G(A). Let m be an irreducible cusp-
idal automorphic representation of G(A), i.e., an irreducible subrep-
resentation of L2, (G). Then 7 is decomposed to a restricted tensor
product ®!m,, where m, is an irreducible admissible representation of
G, = G(F,) for each place v of F.

For simplicity, we assume that G is split over F. For almost all v,
T, is unramified, i.e., v is non-archimedean and m, has a fixed vector
under the action of G(0,). Let S be a finite set of places of F' such
that, if v € S, then 7, is unramified. If v € S, then we can associate

to m, a semisimple conjugacy class
Cy = Cyp(Ty)

in é, where G is the dual group of G over C. This ¢, is called the

Satake parameter of 7,.
1
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Let r be a finite dimensional representation of G over C. If v g5,
then we can define a local factor attached to 7, and r by

Ly(s,my,7) = det(1 —q,* - r(c,)) .

If v is archimedean, then we can also define a local factor using the
Langlands classification. But the definition of L, (s, m,, ) has not been
established in general if v is non-archimedean and v € S. Thus we
consider the partial Euler product

L%(s,m,r) = H Ly(s,my,7)

vgS

in this note. Langlands proved that this product is absolutely conver-
gent for Re(s) > 0.

One of the basic problem in the theory of automorphic forms is
to prove the meromorphic continuation and the functional equation
of an automorphic L-function. Among other means, there are two
important methods: the Langlands-Shahidi method and the Rankin-
Selberg method. There is a classification of automorphic L-functions
which can be studied using the Langlands-Shahidi method. (The list in
[Ki] is quite useful.) The Rankin-Selberg method gives only examples
and it becomes harder to find a new integral representation, but there
remains a possibility that new ideas come in.

In this note, we give a brief review of the Rankin-Selberg method in
the case of GSp(4), where GSp(4) is an algebraic group defined by

0 1
GSp(4) = {g e GlLy |thg =NJ, A\g € GL1}> J = <—12 02> )

Besides GSp(4) itself, one can use Sp(4) via the restriction and SO(3, 2)
via the accidental isomorphism to study an automorphic representation
of GSp(4). The dual groups of these groups are given by

GSp(4,C) if G = GSp(4),
G =1{80(5C) ifG=Sp(4),
Sp(4,C)  if G = SO(3,2).

Moreover the dual homomorphism of
Sp(4) — GSp(4) (resp. GSp(4) — PGSp(4) ~ SO(3,2))
is

GSp(4,C) — PGSp(4,C) ~ SO(5,C) (resp. Sp(4,C) — GSp(4,C)).
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We call an automorphic L-function attached to the natural 4-dimensional
representation of GSp(4,C) (resp. the natural 5-dimensional repre-
sentation of SO(5,C)) the spinor L-function (resp. the standard L-
function). Note that one can also use GL(4) when the functorial lift is
available (cf. [AS]), but we do not discuss it in this note.

Remark. For convenience, we describe the isomorphism PGSp(4) =~
SO(3,2) explicitly. The group GSp(4) acts on the space of column
vectors F'* on the left. Put

1 0 0 0
0 1 0 0
€1 = 0 ) €2 = 0 3 €3 = 1 y €4 = 0
0 0 0 1

Then V = A%(F*) is equipped with a non-degenerate symmetric bilin-
ear form (, ) given by

zAy=(z,y) (e1 Nea Aeg Aey)

for x yEV Put V = {z € V| (z,10) = 0}, where g = e A e5 + €5 A
es € V. We define a homomorphism p : GSp(4) — SO(V) by

plg) = A"+ A*(g)
for g € GSp(4). Since p(g)ro = zo, this homomorphism induces an
exact sequence

1 — GL(1) ELEN GSp(4) £, SO(V) — 1.
Here 1(z) = z - 14 for z € GL(1).

2. AN EXAMPLE: THE DOUBLING METHOD

Roughly speaking, the basic identity is of the form

(2.1) / E(h,s)f(h)dh = d®(s) ' L%(s + &, m,r) [ | Zu(s)
(F)\H (A) veS

for Re(s) > 0. Here E(h,s) is an Eisenstein series, f is a cusp form,
d(s) is the normalization factor of E(h, s), and Z,(s) is a local zeta inte-
gral. Since Eisenstein series has the meromorphic continuation and sat-
isfies the functional equation, this identity gives the meromorphic con-
tinuation and the functional equation of the automorphic L-function.

The doubling method of Piatetski-Shapiro and Rallis [PSR2] pro-
vides the standard L-functions of classical groups. Let G = Sp,, C
GLgn, G = Spy, C GL4,, and H = Sp,, X Sp,, C G. Let 7 be
an irreducible cuspidal automorphic representation of G(A) and put
II =7 ®nY, where 7" is the contragredient representation of 7. Then
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IT is an irreducible cuspidal automorphic representation of H(A). Let
E(s) € IndG(A)(| det |*) be an Eisenstein series on G(A), where P is the
Siegel parabolic subgroup of G given by

P_{<g ta*_1> Eé|CL€GL2n}

It is defined by
E(g,s)= Y ¢(vg,9)
yeP\G&

for Re(s) > 0, where ¢(g, s) is a section of Ind §§§(| det |*), and by the
meromorphic continuation otherwise. For each f € II, we consider the
integral
(2.2) / E(h, s)f(h) dh.

H(F)\H(A)

First we compute the double coset decomposition
G=][PnH
i

and H; = HNn; ' P, for each 4. In this case, except for a unique 4, say
1 = 0, H; contains a unipotent radical of a proper parabolic subgroup
of H. Hence we have

(2.2):/ - Z o(vh,s)f

yEP\G

/H(F o Z Z o(nivyh, s)f(h) dh

i ~yeH\H

=3 P )

B Z / ANH (A / F)\H:(A) ¢(n;hh, s) f(hh) dh dl’

for Re(s) > 0. Note that the map v + 7,y induces an isomorphism
H\H ~ P\Pn;H. Since f is cuspidal, we obtain

(2.2) = / / d(noht, ) f(hI') dh dl
Ho(A)\H(4) ) Ho(F)\Ho(4)

= / P(moh, s) / (IL(W) f)(h) dhd].
Ho(A)\H(A) Ho(F)\Ho(A)
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Here we have used the fact that nohn,* € P(A) and
¢(mohh’, s) = ¢(moh’, s)
for h € Hy(A). We remark that
Ho = {(h,h) | h € Spy,} C H = Spy, X Spy,

if 79 is suitably chosen.
Next we consider the functional [ on II given by the integral

I(f) = h)dh
) /Ho(F)\Ho(A)f( )

for f € II. It is obvious that [ is an element in
Hom 4 (II, C).
Moreover it is well-known that
dim¢ Homgp, , (IL,,C) = 1

for all places v of F. In fact, since II, = m, ® m,/, this follows from the
uniqueness of invariant pairings between 7, and wg . Hence there exist
elements [, in Homg, (I, C) such that

= Hlv<fv)

for f = ! f, € Il = @/ II,. We now return to the computation of (2.2).
We may assume that f and ¢ are decomposable. Then we have

Lo, TN = 101000 ) = T 02) )
(F)\Ho(A)
for W' = (hl) € H(A). We also have
= H N (gvv S)
for g = (g,) € G(A). Thus we obtain
e=T1[  oulmhl (L)L) d,
HO ’U\H’U
It remains to study the local integral
206) = [ onlmly (L)1)
HO v\Hv

A crucial step is to compute Z,(s) when everything is unramified. In
this case, the answer is

Zy(s) = dy(s) ' Ly(s + 5,7, st),
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where
n

dy(s) = Co(s+n+3) H Co(2s +2n + 1 — 2i)
i=1
and st is the standard representation of SO(2n + 1,C) on C*"*™!. Thus
we obtain the identity (2.1) for r = st.

Finally, we study the local zeta integrals Z,(s) in general (cf. [KR1],
[KR2], [HKS], [LR]). We write E(s) = E(s, ¢) and Z,(s) = Z,(s, ¢y)
to emphasize the dependence on ¢ and ¢,, respectively. Recall that
Z,(s) is defined by an integral which is convergent only for Re(s) > 0.
To study the analytic properties of L°(s, 7, st), one needs to prove the
meromorphic continuation of Z,(s) and the non-vanishing of Z,(s).
For each place v € S, a candidate LYS% (s, m,,st) of the local L-factor
is given by the greatest common denominator of Z,(s — %, ¢») when ¢,
runs over good sections (at least if v is non-archimedean). To prove the
functional equation of L°(s,,st), we first prove the local functional
equation

Zv(—S, Mv(5)¢v) = Fv<3) : Zv(sa ¢v>7
where M, (s) : IndG“(| det |°) — IndG”( | det |7*%) is the intertwining op-
erator and T',(s) is a meromorphlc function. Let vF5%(s, m,, st, 1,) be

a certain modification of ', (s — 1), which is expected to coincides with
the local y-factor

L,(1—s,7),st)

Y v

L,(s,m,,st)

'71)(57 Ty, Stywv) = €U(877TU7St7¢U) ’

Indeed, 7PSR(s, 7, st, ¥, ) satisfies the Ten Commandments of y-factors.
Then the the functional equation

L5(s,m,st) H'yPSR 8, Ty, sty by ) - L°(1 — 5, 7", st)
veS

follows from the basic identity (2.1) and the global functional equation
E(_Sa M(S)¢) = E<S> ¢)

of the Eisenstein series. See [LR] for more details.

3. WHITTAKER MODELS

In this section, we introduce a certain class of unique models. This
model can be defined when G is quasi-split over F' and called the Whit-
taker model.

Let us begin with the case G = GLs. Let 1 = ®! 1, be an irreducible
cuspidal automorphic representation of GLy(A). We fix a non-trivial
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additive character ¢ of A/F. For each f € m, define a function W; on
G(A) by

Wi(g) = /U (F)\U(A)f(ug)x(U)‘ du

for g € G(A). Here
1 *
7= 1) =)

(4 )

for x € A. Note that y is a character of U(F)\U(A). It is well-known
that Wy is not identically zero if f # 0. This function W; is called a
Whittaker function and is a kind of the Fourier coefficients of classical
modular forms. The map f — W} belongs to the space

and

G(A
Homg s (m, IndUEA; (X)),

where Indggii(x) is the space of smooth functions W on G(A) such
that

W (ug) = x(u)W(g)
for u € U(A) and g € G(A), and G(A) acts on Indggg(x) via the right
regular representation. Moreover the local component of this space of
homomorphisms satisfies a uniqueness, i.e.,

dime Homg, (7,, Ind§ (x,)) = 1.

To be precise, if v is archimedean, then one has to impose a moderate
growth condition on Indgj(xv). Hence there exist elements Wy, in

Indg" (x,) such that
Wilg) = [[Wr(9)

for f =\ f, € m=®m, and g = (¢9,) € G(A). This decomposability
plays a role as in §2.

For general G, we take U to be a unipotent radical of a Borel sub-
group of G over F' and x a non-degenerate character of U(F)\U(A).
Here a character x of U(A) is called non-degenerate if it is non-trivial
on the one-parameter subgroup attached to any simple root of U. In
the case G = GSp(4), we can take

1 % * x

0 1 * =
U=41lo010]|€€

0 0 % 1
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and
1 =z * x
01 x y B
0 0 1

where 1) is a fixed non-trivial additive character of A/F. Note that the
coordinate x (resp. y) corresponds to the simple root e; —es (resp. 2es).
Let m = ®)m, be an irreducible cuspidal automorphic representation

of GSp,(A). For each f € 7, define a function Wy on G(A) by

Wi(g) = /U (F)\U(A)f(ug)X(U)_ du

for ¢ € G(A). In this case, W, may be identically zero for all f € .
We call 7 globally generic if there exists f € 7 such that Wy is not
identically zero. Shalika [Sh] (see also [Wa] in the archimedean case)
proved that
dim¢ Homg, (7, Indgg(xv)) <1.

If the equality holds above, then 7, is said to be generic. Hence if 7 is
globally generic, then 7, is generic for all places v of F' and there exist
elements Wy, in Indgjj(xv) such that

= H va (gv)

for f=Q!f, em =& m and g = (g,) € G(A).
As an example of integral representations which use the Whittaker
model we recall Novodvorsky’s integral [No] of the spinor L-functions
(s,m) for GSp,. For f = ®! f, € m, the basic identity is of the form

1) Wyl VP de d*y = L(s, Zy(s
/FW/F\A )ty y= 1 m [T 205)

veS
for Re(s) > 0, where

1 ¢ 2o O y 0 0 0
01 0 0 0y 00
u@=1g 0 1 ol W=1001 0l
0 25 —a; 1 000 1
and
ye 0 0 0
0 v 00 s—3/2 X
/FX/vav 0 0 1 of ]l dnd
0 , 01
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4. BESSEL MODELS

In this section, we introduce a different class of unique model. This
model can be defined for special orthogonal groups or unitary groups.
Note that PGSp(4) ~ SO(3,2).

Let G = GSp(4) and U the unipotent radical of the Siegel parabolic
subgroup of G given by

_ (12 b o
(s P e o)

We fix f € GLy such that ‘3 = [ and define a character i3 on

U(FI\U(A) by
a((§ 1)) = wtom,

where 1) is a fixed non-trivial additive character of A/F. But Indggig (¢p)
is too big to ensure the uniqueness.
Let T be the identity component of the similitude orthogonal group
of 3 given by
T = {h € GLy |*hBh = det(h)3}.
For simplicity, we assume that T is not split over F. We identify T’
with a subgroup of G by the embedding

P h 0
0 det(h)th=t )"
Then T acts on U via the adjoint action and we have
st ut) = vs(u)
for t € T(A) and u € U(A). More explicitly, write

6 — 61 62/2
B2/2  [33
and put A = —4det(8) = 52 — 43,43 € F*. Then our assumption on
T becomes A ¢ F*2. Let E = F(J) be the quadratic extension of F'

with 62 = A and put
B2 203
As = .
; (—251 —@)

Then an F-algebra homomorphism
x-lot+y-As— x4+ yo

induces an isomorphism 7' = F/(As)* ~ E*.
Instead of U, we consider the subgroup R of G given by

R=TU.
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Let v be a character of Ay/E* and regard it as a character of T'(A).
Put

X(tu) = v(t)p(u)
for t € T(A) and w € U(A). Then x is a character of R(F)\R(A). For
each f € 7, define a function By on G(A) by

Bilo)= [ o)

for g € G(A). Here we add the assumption that v|yx = w,, where w,
is the central character of 7, so that this integral is well-defined. The
map f +— By belongs to the space

G(A
Homga) (T, IndREA% (X))-
It is known that
dim¢ Homg, (7, Ind%j(Xv)) <1,

but I could not find a reference for the proof. Admitting this unique-
ness, there exist elements By, in Ind%"(x,) such that

B g) = Hva(gv)

for f = @ f, € 7 = &r, and g = (g,) € G(A).

As an example of integral representations which use the Bessel model,
we recall Andrianov’s integral [PS] of twists L(s, 7, u) of the spinor L-
functions for GSp,, where u is a character of A*/F*. Let E be a
quadratic extension of F', o the non-trivial automorphism of E/F, and
v a character of A5 /E*. Put

H = {h € GLy(E) | det(h) € F*}.

Let E(s) € IndH(A (Xés/Q) be an Eisenstein series on H(A), where B is
the standard Borel subgroup of H, x is a character of B(A) defined by

(75 1) =t

for ¥ € A* and a € A}, and Jp is the modulus Character of B(A).

For f = ®! f, € m and a decomposable section ¢ of Ind (X(SS/ 2) the
basic identity is of the form

/ B(h,5) () dh = () L5+ b ) T] 2409
AXH(F)\H(A)

veES
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for Re(s) > 0, where d(s) = L(s+ 1, - v|px ) and

Zo(s) = / 6 (s ) By, (hy) dh,
B/ (Fy)\H(Fy)

B’:{<C‘O Z) EH]aEEX}.
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