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Abstract. Among other means, an integral representation gives
the meromorphic continuation and the functional equation of an
automorphic L-function. In this note, recalling the doubling method
as an example, I will try to give some feeling for the techniques.
It is often the case that unique models play a role. In the case
of GSp(4), I will review the basic fact about the Whittaker model
and the Bessel model.

1. Introduction

Let F be a number field and A the ring of adeles of F . Let G be
a connected reductive algebraic group over F . Let L2

cusp(G) denote
the space of square integrable functions f on G(F )\G(A) (with fixed
central character) such that∫

U(F )\U(A)

f(ux) du

for almost all x ∈ G(A), where U is the unipotent radical of any proper
parabolic subgroup of G over F . Then G(A) acts on L2

cusp(G) via the

right regular representation and L2
cusp(G) decomposes to a direct sum

of irreducible representations of G(A). Let π be an irreducible cusp-
idal automorphic representation of G(A), i.e., an irreducible subrep-
resentation of L2

cusp(G). Then π is decomposed to a restricted tensor
product ⊗′

vπv, where πv is an irreducible admissible representation of
Gv = G(Fv) for each place v of F .

For simplicity, we assume that G is split over F . For almost all v,
πv is unramified, i.e., v is non-archimedean and πv has a fixed vector
under the action of G(ov). Let S be a finite set of places of F such
that, if v 6∈ S, then πv is unramified. If v 6∈ S, then we can associate
to πv a semisimple conjugacy class

cv = cv(πv)

in Ĝ, where Ĝ is the dual group of G over C. This cv is called the
Satake parameter of πv.
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Let r be a finite dimensional representation of Ĝ over C. If v 6∈ S,
then we can define a local factor attached to πv and r by

Lv(s, πv, r) = det(1 − q−s
v · r(cv))

−1.

If v is archimedean, then we can also define a local factor using the
Langlands classification. But the definition of Lv(s, πv, r) has not been
established in general if v is non-archimedean and v ∈ S. Thus we
consider the partial Euler product

LS(s, π, r) =
∏
v 6∈S

Lv(s, πv, r)

in this note. Langlands proved that this product is absolutely conver-
gent for Re(s) À 0.

One of the basic problem in the theory of automorphic forms is
to prove the meromorphic continuation and the functional equation
of an automorphic L-function. Among other means, there are two
important methods: the Langlands-Shahidi method and the Rankin-
Selberg method. There is a classification of automorphic L-functions
which can be studied using the Langlands-Shahidi method. (The list in
[Ki] is quite useful.) The Rankin-Selberg method gives only examples
and it becomes harder to find a new integral representation, but there
remains a possibility that new ideas come in.

In this note, we give a brief review of the Rankin-Selberg method in
the case of GSp(4), where GSp(4) is an algebraic group defined by

GSp(4) =
{
g ∈ GL4 | tgJg = λgJ, λg ∈ GL1

}
, J =

(
0 12

−12 0

)
.

Besides GSp(4) itself, one can use Sp(4) via the restriction and SO(3, 2)
via the accidental isomorphism to study an automorphic representation
of GSp(4). The dual groups of these groups are given by

Ĝ =


GSp(4, C) if G = GSp(4),

SO(5, C) if G = Sp(4),

Sp(4, C) if G = SO(3, 2).

Moreover the dual homomorphism of

Sp(4) → GSp(4) (resp. GSp(4) → PGSp(4) ' SO(3, 2))

is

GSp(4, C) → PGSp(4, C) ' SO(5, C) (resp. Sp(4, C) → GSp(4, C)).
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We call an automorphic L-function attached to the natural 4-dimensional
representation of GSp(4, C) (resp. the natural 5-dimensional repre-
sentation of SO(5, C)) the spinor L-function (resp. the standard L-
function). Note that one can also use GL(4) when the functorial lift is
available (cf. [AS]), but we do not discuss it in this note.

Remark. For convenience, we describe the isomorphism PGSp(4) '
SO(3, 2) explicitly. The group GSp(4) acts on the space of column
vectors F 4 on the left. Put

e1 =


1
0
0
0

 , e2 =


0
1
0
0

 , e3 =


0
0
1
0

 , e4 =


0
0
0
1

 .

Then Ṽ = ∧2(F 4) is equipped with a non-degenerate symmetric bilin-
ear form ( , ) given by

x ∧ y = (x, y) · (e1 ∧ e2 ∧ e3 ∧ e4)

for x, y ∈ Ṽ . Put V = {x ∈ Ṽ | (x, x0) = 0}, where x0 = e1 ∧ e3 + e2 ∧
e4 ∈ Ṽ . We define a homomorphism ρ : GSp(4) → SO(Ṽ ) by

ρ(g) = λ−1
g · ∧2(g)

for g ∈ GSp(4). Since ρ(g)x0 = x0, this homomorphism induces an
exact sequence

1 −→ GL(1)
ι−→ GSp(4)

ρ−→ SO(V ) −→ 1.

Here ι(z) = z · 14 for z ∈ GL(1).

2. An example: the doubling method

Roughly speaking, the basic identity is of the form

(2.1)

∫
H(F )\H(A)

E(h, s)f(h) dh = dS(s)−1LS(s + 1
2
, π, r)

∏
v∈S

Zv(s)

for Re(s) À 0. Here E(h, s) is an Eisenstein series, f is a cusp form,
d(s) is the normalization factor of E(h, s), and Zv(s) is a local zeta inte-
gral. Since Eisenstein series has the meromorphic continuation and sat-
isfies the functional equation, this identity gives the meromorphic con-
tinuation and the functional equation of the automorphic L-function.

The doubling method of Piatetski-Shapiro and Rallis [PSR2] pro-
vides the standard L-functions of classical groups. Let G = Sp2n ⊂
GL2n, G̃ = Sp4n ⊂ GL4n, and H = Sp2n × Sp2n ⊂ G̃. Let π be
an irreducible cuspidal automorphic representation of G(A) and put
Π = π ⊗ π∨, where π∨ is the contragredient representation of π. Then
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Π is an irreducible cuspidal automorphic representation of H(A). Let

E(s) ∈ Ind
G̃(A)
P (A)(| det |s) be an Eisenstein series on G̃(A), where P is the

Siegel parabolic subgroup of G̃ given by

P =

{(
a ∗
0 ta−1

)
∈ G̃ | a ∈ GL2n

}
.

It is defined by

E(g, s) =
∑

γ∈P\G̃

φ(γg, s)

for Re(s) À 0, where φ(g, s) is a section of Ind
G̃(A)
P (A)(| det |s), and by the

meromorphic continuation otherwise. For each f ∈ Π, we consider the
integral

(2.2)

∫
H(F )\H(A)

E(h, s)f(h) dh.

First we compute the double coset decomposition

G̃ =
∐

i

PηiH

and Hi = H ∩η−1
i Pηi for each i. In this case, except for a unique i, say

i = 0, Hi contains a unipotent radical of a proper parabolic subgroup
of H. Hence we have

(2.2) =

∫
H(F )\H(A)

∑
γ∈P\G̃

φ(γh, s)f(h) dh

=

∫
H(F )\H(A)

∑
i

∑
γ∈Hi\H

φ(ηiγh, s)f(h) dh

=
∑

i

∫
Hi(F )\H(A)

φ(ηih, s)f(h) dh

=
∑

i

∫
Hi(A)\H(A)

∫
Hi(F )\Hi(A)

φ(ηihh′, s)f(hh′) dh dh′

for Re(s) À 0. Note that the map γ 7→ ηiγ induces an isomorphism
Hi\H ' P\PηiH. Since f is cuspidal, we obtain

(2.2) =

∫
H0(A)\H(A)

∫
H0(F )\H0(A)

φ(η0hh′, s)f(hh′) dh dh′

=

∫
H0(A)\H(A)

φ(η0h
′, s)

∫
H0(F )\H0(A)

(Π(h′)f)(h) dh dh′.
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Here we have used the fact that η0hη−1
0 ∈ P (A) and

φ(η0hh′, s) = φ(η0h
′, s)

for h ∈ H0(A). We remark that

H0 = {(h, h) |h ∈ Sp2n} ⊂ H = Sp2n × Sp2n

if η0 is suitably chosen.
Next we consider the functional l on Π given by the integral

l(f) =

∫
H0(F )\H0(A)

f(h) dh

for f ∈ Π. It is obvious that l is an element in

HomH0(A)(Π, C).

Moreover it is well-known that

dimC HomH0,v(Πv, C) = 1

for all places v of F . In fact, since Πv = πv ⊗ π∨
v , this follows from the

uniqueness of invariant pairings between πv and π∨
v . Hence there exist

elements lv in HomH0,v(Πv, C) such that

l(f) =
∏

v

lv(fv)

for f = ⊗′
vfv ∈ Π = ⊗′

vΠv. We now return to the computation of (2.2).
We may assume that f and φ are decomposable. Then we have∫

H0(F )\H0(A)

(Π(h′)f)(h) dh = l(Π(h′)f) =
∏

v

lv(Πv(h
′
v)fv)

for h′ = (h′
v) ∈ H(A). We also have

φ(g, s) =
∏

v

φv(gv, s)

for g = (gv) ∈ G̃(A). Thus we obtain

(2.2) =
∏

v

∫
H0,v\Hv

φv(η0h
′
v, s)lv(Πv(h

′
v)fv) dh′

v.

It remains to study the local integral

Zv(s) =

∫
H0,v\Hv

φv(η0h
′
v, s)lv(Πv(h

′
v)fv) dh′

v.

A crucial step is to compute Zv(s) when everything is unramified. In
this case, the answer is

Zv(s) = dv(s)
−1Lv(s + 1

2
, πv, st),
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where

dv(s) = ζv(s + n + 1
2
)

n∏
i=1

ζv(2s + 2n + 1 − 2i)

and st is the standard representation of SO(2n + 1, C) on C2n+1. Thus
we obtain the identity (2.1) for r = st.

Finally, we study the local zeta integrals Zv(s) in general (cf. [KR1],
[KR2], [HKS], [LR]). We write E(s) = E(s, φ) and Zv(s) = Zv(s, φv)
to emphasize the dependence on φ and φv, respectively. Recall that
Zv(s) is defined by an integral which is convergent only for Re(s) À 0.
To study the analytic properties of LS(s, π, st), one needs to prove the
meromorphic continuation of Zv(s) and the non-vanishing of Zv(s).
For each place v ∈ S, a candidate LPSR

v (s, πv, st) of the local L-factor
is given by the greatest common denominator of Zv(s− 1

2
, φv) when φv

runs over good sections (at least if v is non-archimedean). To prove the
functional equation of LS(s, π, st), we first prove the local functional
equation

Zv(−s,Mv(s)φv) = Γv(s) · Zv(s, φv),

where Mv(s) : IndG̃v
Pv

(| det |s) → IndG̃v
Pv

(| det |−s) is the intertwining op-

erator and Γv(s) is a meromorphic function. Let γPSR
v (s, πv, st, ψv) be

a certain modification of Γv(s− 1
2
), which is expected to coincides with

the local γ-factor

γv(s, πv, st, ψv) = εv(s, πv, st, ψv) ·
Lv(1 − s, π∨

v , st)

Lv(s, πv, st)
.

Indeed, γPSR
v (s, πv, st, ψv) satisfies the Ten Commandments of γ-factors.

Then the the functional equation

LS(s, π, st) =
∏
v∈S

γPSR
v (s, πv, st, ψv) · LS(1 − s, π∨, st)

follows from the basic identity (2.1) and the global functional equation

E(−s,M(s)φ) = E(s, φ)

of the Eisenstein series. See [LR] for more details.

3. Whittaker models

In this section, we introduce a certain class of unique models. This
model can be defined when G is quasi-split over F and called the Whit-
taker model.

Let us begin with the case G = GL2. Let π = ⊗′
vπv be an irreducible

cuspidal automorphic representation of GL2(A). We fix a non-trivial
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additive character ψ of A/F . For each f ∈ π, define a function Wf on
G(A) by

Wf (g) =

∫
U(F )\U(A)

f(ug)χ(u)−1 du

for g ∈ G(A). Here

U =

{(
1 ∗
0 1

)
∈ G

}
and

χ

((
1 x
0 1

))
= ψ(x)

for x ∈ A. Note that χ is a character of U(F )\U(A). It is well-known
that Wf is not identically zero if f 6= 0. This function Wf is called a
Whittaker function and is a kind of the Fourier coefficients of classical
modular forms. The map f 7→ Wf belongs to the space

HomG(A)(π, Ind
G(A)
U(A)(χ)),

where Ind
G(A)
U(A)(χ) is the space of smooth functions W on G(A) such

that
W (ug) = χ(u)W (g)

for u ∈ U(A) and g ∈ G(A), and G(A) acts on Ind
G(A)
U(A)(χ) via the right

regular representation. Moreover the local component of this space of
homomorphisms satisfies a uniqueness, i.e.,

dimC HomGv(πv, IndGv
Uv

(χv)) = 1.

To be precise, if v is archimedean, then one has to impose a moderate
growth condition on IndGv

Uv
(χv). Hence there exist elements Wfv in

IndGv
Uv

(χv) such that

Wf (g) =
∏

v

Wfv(gv)

for f = ⊗′
vfv ∈ π = ⊗′

vπv and g = (gv) ∈ G(A). This decomposability
plays a role as in §2.

For general G, we take U to be a unipotent radical of a Borel sub-
group of G over F and χ a non-degenerate character of U(F )\U(A).
Here a character χ of U(A) is called non-degenerate if it is non-trivial
on the one-parameter subgroup attached to any simple root of U . In
the case G = GSp(4), we can take

U =




1 ∗ ∗ ∗
0 1 ∗ ∗
0 0 1 0
0 0 ∗ 1

 ∈ G


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and

χ




1 x ∗ ∗
0 1 ∗ y
0 0 1 0
0 0 ∗ 1


 = ψ(x + y),

where ψ is a fixed non-trivial additive character of A/F . Note that the
coordinate x (resp. y) corresponds to the simple root e1−e2 (resp. 2e2).
Let π = ⊗′

vπv be an irreducible cuspidal automorphic representation
of GSp4(A). For each f ∈ π, define a function Wf on G(A) by

Wf (g) =

∫
U(F )\U(A)

f(ug)χ(u)−1 du

for g ∈ G(A). In this case, Wf may be identically zero for all f ∈ π.
We call π globally generic if there exists f ∈ π such that Wf is not
identically zero. Shalika [Sh] (see also [Wa] in the archimedean case)
proved that

dimC HomGv(πv, IndGv
Uv

(χv)) ≤ 1.

If the equality holds above, then πv is said to be generic. Hence if π is
globally generic, then πv is generic for all places v of F and there exist
elements Wfv in IndGv

Uv
(χv) such that

Wf (g) =
∏

v

Wfv(gv)

for f = ⊗′
vfv ∈ π = ⊗′

vπv and g = (gv) ∈ G(A).
As an example of integral representations which use the Whittaker

model, we recall Novodvorsky’s integral [No] of the spinor L-functions
L(s, π) for GSp4. For f = ⊗′

vfv ∈ π, the basic identity is of the form∫
F×\A×

∫
(F\A)3

f(u(x)t(y))ψ(x1)
−1|y|s−1/2 dx d×y = LS(s, π)

∏
v∈S

Zv(s)

for Re(s) À 0, where

u(x) =


1 x1 x2 0
0 1 0 0
0 0 1 0
0 x3 −x1 1

 , t(y) =


y 0 0 0
0 y 0 0
0 0 1 0
0 0 0 1

 ,

and

Zv(s) =

∫
F×

v

∫
Fv

Wfv




yv 0 0 0
0 yv 0 0
0 0 1 0
0 xv 0 1


 |yv|s−3/2 dxv d×yv.
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4. Bessel models

In this section, we introduce a different class of unique model. This
model can be defined for special orthogonal groups or unitary groups.
Note that PGSp(4) ' SO(3, 2).

Let G = GSp(4) and U the unipotent radical of the Siegel parabolic
subgroup of G given by

U =

{(
12 b
0 12

)
| b ∈ M2,

tb = b

}
.

We fix β ∈ GL2 such that tβ = β and define a character ψβ on
U(F )\U(A) by

ψβ

((
12 b
0 12

))
= ψ(tr(βb)),

where ψ is a fixed non-trivial additive character of A/F . But Ind
G(A)
U(A)(ψβ)

is too big to ensure the uniqueness.
Let T be the identity component of the similitude orthogonal group

of β given by
T = {h ∈ GL2 | thβh = det(h)β}.

For simplicity, we assume that T is not split over F . We identify T
with a subgroup of G by the embedding

h 7−→
(

h 0
0 det(h)th−1

)
.

Then T acts on U via the adjoint action and we have

ψβ(t−1ut) = ψβ(u)

for t ∈ T (A) and u ∈ U(A). More explicitly, write

β =

(
β1 β2/2

β2/2 β3

)
and put ∆ = −4 det(β) = β2

2 − 4β1β3 ∈ F×. Then our assumption on
T becomes ∆ 6∈ F×,2. Let E = F (δ) be the quadratic extension of F
with δ2 = ∆ and put

Aδ =

(
β2 2β3

−2β1 −β2

)
.

Then an F -algebra homomorphism

x · 12 + y · Aδ 7−→ x + yδ

induces an isomorphism T = F (Aδ)
× ' E×.

Instead of U , we consider the subgroup R of G given by

R = TU.
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Let ν be a character of A×
E/E× and regard it as a character of T (A).

Put

χ(tu) = ν(t)ψβ(u)

for t ∈ T (A) and u ∈ U(A). Then χ is a character of R(F )\R(A). For
each f ∈ π, define a function Bf on G(A) by

Bf (g) =

∫
A×R(F )\R(A)

f(rg)χ(r)−1 dr

for g ∈ G(A). Here we add the assumption that ν|A× = ωπ, where ωπ

is the central character of π, so that this integral is well-defined. The
map f 7→ Bf belongs to the space

HomG(A)(π, Ind
G(A)
R(A)(χ)).

It is known that

dimC HomGv(πv, IndGv
Rv

(χv)) ≤ 1,

but I could not find a reference for the proof. Admitting this unique-
ness, there exist elements Bfv in IndGv

Rv
(χv) such that

Bf (g) =
∏

v

Bfv(gv)

for f = ⊗′
vfv ∈ π = ⊗′

vπv and g = (gv) ∈ G(A).
As an example of integral representations which use the Bessel model,

we recall Andrianov’s integral [PS] of twists L(s, π, µ) of the spinor L-
functions for GSp4, where µ is a character of A×/F×. Let E be a
quadratic extension of F , σ the non-trivial automorphism of E/F , and
ν a character of A×

E/E×. Put

H = {h ∈ GL2(E) | det(h) ∈ F×}.

Let E(s) ∈ Ind
H(A)
B(A)(χδ

s/2
B ) be an Eisenstein series on H(A), where B is

the standard Borel subgroup of H, χ is a character of B(A) defined by

χ

((
xaσ ∗
0 a

))
= µ(x)ν(a)−1

for x ∈ A× and a ∈ A×
E, and δB is the modulus character of B(A).

For f = ⊗′
vfv ∈ π and a decomposable section φ of Ind

H(A)
B(A)(χδ

s/2
B ), the

basic identity is of the form∫
A×H(F )\H(A)

E(h, s)f(h) dh = dS(s)−1LS(s + 1
2
, π, µ)

∏
v∈S

Zv(s)
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for Re(s) À 0, where d(s) = L(s + 1, µ · ν|A×) and

Zv(s) =

∫
B′(Fv)\H(Fv)

φv(hv, s)Bfv(hv) dhv

with

B′ =

{(
aσ ∗
0 a

)
∈ H | a ∈ E×

}
.
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[Mi1] large discrete series and PJ -principal series of Sp4(R)
[Mi2] some derived functor modules of Sp4(R)
[Is1] principal series of Sp4(R)

Besides the original article [An], the basic reference for Andrianov’s
integral of the spinor L-functions for GSp4 is [PS]. See also [Su] for
the L-functions of degree 4 for inner forms of GSp4. The local zeta
integrals have been studied in the following cases.

[PSS] over p-adic fields
[Ho] class-one representation of Sp4(R)

[Mi1] large discrete series and PJ -principal series of Sp4(R)

In [Fu], using the Bessel model, Furusawa constructed an integral rep-
resentation of L-functions for GSp4 ×GL2.

Others. In [GPSR], Ginzburg, Piatetski-Shapiro, and Rallis found
an integral representation of the L-function for SOn ×GLk in general.
They used the so-called “Whittaker-Shintani model” (or “generalized
Bessel model” or “generalized Gelfand-Graev model”). Note that, in
[MS2], Murase and Sugano also constructed an integral representation
of the standard L-function for some special orthogonal groups using the
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Shintani model. Explicit formulas for the Whittaker-Shintani functions
have been established in the following cases.

[KMS] unramified representations
[Mo1] some representations of (Sp4(R), SL2(R) × SL2(R))
[Mo2] some representations of (Sp4(R), SL2(C))

In [MS1], using the Fourier-Jacobi model, Murase and Sugano con-
structed an integral representation of the standard L-functions for Sp2n.
The uniqueness of the Fourier-Jacobi model for representations of Sp4

and GSp4 was proved in [BR] and [AP], respectively. In the classical
setting, Kohnen and Skoruppa [KS] considered certain Dirichlet series
associated to the Fourier-Jacobi coefficients which give the spinor L-
functions for GSp4. Also, in [He] and [BH], Heim, and Böcherer and
Heim found an integral representation of L-functions for GSp4 ×GL2

in which the Fourier-Jacobi coefficients play a role. Explicit formulas
for the Fourier-Jacobi type spherical functions have been established
in the following cases.

[Mu] unramified representations of Sp4

[Hi1] discrete series of Sp4(R)
[Hi2] PJ -principal series of Sp4(R)
[Hi3] principal series of Sp4(R)

In [PSR3], Piatetski-Shapiro and Rallis studied an integral represen-
tation of the standard L-function for Sp2n which uses a non-unique
model.
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