ARCHIMEDEAN ZETA INTEGRALS ON GSp(4)

TAKU ISHII

INTRODUCTION

When we study automorphic L-functions via integral representations, we face to the
difficulty of treatment of the local zeta integrals at bad places. In this note we report
recent progress on the explicit computation of the local zeta integrals at real places for
generic cusp forms on GSp(4).

Let IT = ®/II, be an automorphic cuspidal representation of GSp(4,A). Here A is
the adele of Q. We assume Il is generic, that is, Il has a global Whittaker model.
Then according to the result of Kostant [Ko|] and Vogan [V], the representation II,, of
G = GSp(4,R) is equivalent to one of the following ([Mo-3]):

(1) (limit of) large discrete series,

(2) generalized principal series induced from Jacobi parabolic subgroup,
(3) generalized principal series induced from Siegel parabolic subgroup,
(4) principal series induced from minimal parabolic subgroup.

Novodvorsky [N] considered integral representations of spinor L-functions L;(s,II) on
GSp(4) which works for generic cusp forms. Moriyama [Mo-2] (the cases (1) and (2))
and Moriyama and the author [Is-Mo] (the case of (4)) computed the archimedean part
of Novodvorsky’s zeta integrals by using explicit formulas of Whittaker functions on
GSp(4,R), which have been developed by Oda, Miyazaki, Niwa, Hirano, Moriyama, Ishii,
etc (see Ichino’s references [Ic]). At the present explicit formulas of Whittaker functions
for the case (3) have not yet known.

On the other hand, as for the standard L-function Ly(s,II), some integral represen-
tations are known for generic cusp forms ([B-F-GJ, [G-R-S]). We give examples of the
computation in case of (2) and (4).

1. REPRESENTATIONS OF GSp(4,R) AND LOCAL L AND £ FACTORS

We list the local L and e factors determined by the Langlands parameter of 1I,,. We
use the subscript ; (resp. 3) for the spinor (resp. standard) L-functions. For the case
of the discrete series, see [Mo-3] for the precise. Note that there is a difference in the
notation between [Mo-3] and ours. We denote by A = (A1, \2) the Blattner parameter of
the discrete series ).

(1) (limit of) large discrete series my[w] (1 — A; < Ay <0).

. Li(s,11s) = To(s + 2Rz22=l (5  wtAithesl),
51(8’ o, ¢oo)7 = (_1))\1

. LQ(Sv HOO) = FR(S + 1)Fc(8 + A\ — 1)FC(S — )\2);
62(57 H<>07 1%0) = (\/ —1)2)‘1_2)‘24'1.



(2) Pj-principal series I(Py; 0%+, V)
The data for Pj-principal series is as follows. Let P; = M;A;N; be the Langlands
decomposition of Jacobi parabolic subgroup of G = GSp(4,R), where

€0 €1

e I B!

€0

MJ:{

‘1 &1

1 c d
4y = {a = apdiag(ar, 1,07,1) | a; > 0 (i = 0, 1)},
Ny = {n(ng,ni,n2,0) € G},

with
1 ny no 1 Un
1 N9 N3 1
n(ng, ni, ng, ng) = 1 1
‘ 1 ‘ ) 1

Define a representation oy + of Levi part M; such that oy 4| sreRr) = Dr ® D_j and
ok +(diag(—1,1,—1,1)) = +1, with Dy the discrete series representation of SL(2, R) with
Blattner parameter k. For v = (vy,w) € Lie(A;)g = C?, let exp(v) be the quasi character
of A; defined by exp(v)(apdiag(a;,1,a;",1)) = a¥a’".
The P;-principal series I(Py; o 1, v) is the induced representation IndJGgJ (0),+ @exp(v+
ps) @ 1y,). The local L and ¢ factors are
Ly(s,1ls) = T(s 4+ =T o (s + ==ty
61(8) HOO7 ¢00) - (_1)k7
o LQ(S, Hoo) = FR(S + 1)FR(S + Vl)FR(S - l/l)rc(s + k— 1),
52(5, oo, ¢oo) - (_1)k

(3) principal series I(Fy; 0, v).
Let Py = M AN be a Langlands decomposition of minimal parabolic subgroup P, of G,
where
M = (o := diag(—1,—1,1,1), 7 := diag(—1,1, —1,1), 7o := diag(1,—1,1, —1)),
A = {a = diag(apa, apas, a;*,a;") | a; >0 (i = 0,1,2)},
N = {n(ng,n1,nq,n3) € G}.

For a character ¢ € M, define §; € {0,1} (I c {0,1,2}) by o(IT;c; %) = (=1)°1. For
v = (v, v1,12) € C? define a quasi character exp(v) of A by exp(v)(a(ag,a1,az2)) =
a’artay? and set w = 2y — v; — vp. We call the induced representation I(Py;o,v) =

Indg0 (0 @ exp(v + p) ® 1y) the principal series representation. Here p = (3/2,2,1).
Ll(s, HOO) = FR(S + wyi;ryz + (5{0})FR(S + w71/21+1/2 + 5{071})
[ ] X FR(S + % + 5{072})FR(S + % + 5{07172});
£1(5. Tag, o) = (VT) o o o




LQ(S, Hoo) = FR(S -+ 1)FR(S + v+ (5{1})FR(8 — v+ 5{1})
. X I'r(s + va + 02y ) TR (s — 12 + 02});
£2(8, log, hoo) = (—1)°03+0023,

2. EXPLICIT FORMULAS OF WHITTAKER FUNCTIONS ON Sp(4, R)

For an irreducible admissible representation = of G := Sp(4, R), and a non-degenerate
unitary character 7 of the maximal unipotent subgroup N of Gy consider the intertwining
space

Wh(ﬂ') = HOHI(GO,KO)(W, C;O(N\GO))
Here gy = Lie(Gy), Ky = K N Gy and

C(N\Go) = {f € C*(Go,C) | f(ng) =n(n)f(g), V(n,g) € N x Go}.

For a nonzero intertwiner ® € Wh(rw) and a vector v € m, we call W, = ®(v) the
Whittaker function corresponding to v. To find explicit formula of W,,, we derive certain
system of partial differential equations for W, from a characterization of 7. The system
becomes a holonomic system of rank 4 or 8 in our situation, and among the solutions
of the system we need a Whittaker function which is of moderate growth. Some kinds
of integral representation of moderate growth Whittaker functions have been obtained,
especially Mellin-Barnes type integral representations are useful for the computation of
zeta integrals.

Because of the Iwasawa decomposition Gy = NAgKy, W, can be determined by its
restriction W,|4,. Here A4y = AN Gy. Set a = diag(ay, as,a;*,a;"') € Ay and we give
Mellin-Barnes integral representations of W, (a).

The maximal compact subgroup Ky = Sp(4, R)NO(4) of Sp(4,R) is isomorphic to the
unitary group U(2) of degree two:

U@2)> A++V—1B— (—AB ﬁ) € Ko, (A,Be€ M(2,R)).

Then
Ko = {7009 = sym™ 2 @ det™ | A, \a € Z, Ay > Ao}

We take the standard basis {vy | 0 < k < d = A\ — Ao} of 7, x,) (see [O] etc. for the
action of K on the standard basis).
We give examples of Mellin-Barnes integral representations for Whittaker functions W,.

(1) (limit of) large discrete series m(_x, —x;) (1 = A1 < A2 <0) ([O], [Mo-1], [Mo-2]).

For vy, € T(_x,,—x,) = minimal Ko-type of m_, —x,) (0 <k < Ay — Ay) we have

100 d 100 d 28
Wy, (a) = (2mi) =" (Z) ai‘l k+l )‘2+k exp(—27a3) / o1 / 22 1(4%@%)_82

2mi
O O 2)F< “Aet 2)
Here (a), = T'(a+n)/T(a).

(2) I(Py; ok, 4, v) ([M-02], [Mo-2]).



For the ‘corner’ vector vy € (%) we have

0 ds, ds _a —2s1
Wy, (a) = a¥tak exp(—2ma3) / / 2 1 (4mad) =
ico 2m

27m
—k 1 —k — 1
ﬂ)p((ﬁ 1 $>

T(s)T(s1 — 52)F<52 + 5 5

(3) class one principal series I(Py;triv,v) ([M-O1],[Ni],[Is],[Is-Mo]).

For the spherical vector vy € 79,0y we have

io0 ds; 100 ds; io0 dtq ot a —2s1
&1612 / / 9mi 2 1 (Wag)’”
_ m

27m 2m 27m

ROaE N >r<f—2+“1”2>r<t—2—“+“2>
2 4 2 4 2 4 2 4

() ()
2 2 2 2

3. SPINOR L-FUNCTION

We recall Novodvorsky’s zeta integral for spinor L-function ([N], see also [Ic]). For a
generic cusp form ¢ € Il and s € C, Novodvorsky considered the integral

1 x| 7 Y ‘
1 Yy
Zoo=[ [ 1 —D
Q\Ax J(Q\A)3
z | —xg 1 1

(o) |y\i’:1/2 dzrodxdzd™y,

where 1 is a nontrivial additive character of Q\A. By the cuspidality of ¢, this integral
converges absolutely for all s and defines an entire function. Then the basic identity and
unramified computation tells us that

so= [ [w

= Lf(S,H) ' H Z(U)(S’ W(U))

vES

Myl ®? ded”y

for Re(s) >> 0. Here S means a finite set of pleces of QQ containing archimedean places,
such that II, is unramified principal series outside S. L7 (s, II) = [Togs Li(s,1L,) is the
partial spinor L-function. W, =[], W® is the global Whittaker function attached to ¢:

W,(g) = / e(n(xg, x1, 9, 23)g) Y (—x0 — x3) drodridredrs,
(Q\A)



and Z® (s, W®) is the local zeta integral. Especially our target is

Yy
2095w ) = [ [ weo(| L Dyl dady,
X JR
T 1

and we want to find a vector v € Il to attain the local functional equation:

Z)(1 = 5, W,) Z0) (s, W,)
Ll(l —S,Hgo) Ll(S,HOO) '

= 5(87 Hom 1%0)

1
-1

Here F(g) = wn(v(g)) ' F(g 1 ‘

) with wy the central character of II and

1

v(g) the similitude factor of g € GSp(4,R), and IIY = {F | F € II} is a contragredient
representation of II.

By using explicit formulas of Whittaker functions on (G)Sp(4, R) given in the previous
section, we give some examples of the computation of Z(>)(s, W, for a suitable vector
v € Il,. These results are given by Moriyama in case of (1), (2) and by Moriyama and
the author in case of (4).

PI'OpOSitiOH 3.1. (]) [MO—Q] ]f Hoo|Sp(4,R) = T(A1,\2) @71'(,)\27,)\1) (]_ — )\1 S )\2 S 0), then

M = ()" (d) /ioo @(47T)751+)\1+1F(81 + W)F(Sl + 77)‘12)‘?&)
Ly (S, HOO) k —ico 271 F(51*5*>\1;r)\2+k+2)11(s1+s;k+1)

(2) [Is-Mo| Let 1o, = I(Py; 0,v).
(i) If o = triv., then

2 (s, W) _ C/i“ dsy o, D(s1 4+ #72)0(s1 — #3720 (s1 + =572 (s1 — #5)
Li(s,Toe) * Joing 2mi [(s1 + S50 (sy + =)
(it) If o(v0) = =1, o(n) = 0(72) = 1, then
2% (s, W) y /ioo ds1 g, D1+ 23) (51 — =72)0(s1 + =)L (s1 — 232
Lq(s,11) oo 270 [(s) + %)F(sl + w)

where the vector v] € T(a) is explained in Remark 1 below.

Y

In our evaluation of zeta integrals Barnes’ lemma plays a central role, which says

I F(a+c)T'(a+d)T(b+c)T'(b+d)
r INQ) ['(c—s)I'(d—s)ds =
. (a+ s)I'(b+ s)I'(c—s)['(d — s)ds Tatbictd
Here the path of integration is curved, if necessary, to ensure that the poles of I'(c —
s)I'(d — s) lie on the right of the path and I'(a + s)I'(b + s) on the left.
The local functional equation can be confirmed from the integrand of the Mellin-Barnes
integral [ ds;.

2ri



Remark 1. For y; > 0, set

7() (s,y1, W / d*y /de (x,y;91)|yl*™ 3/2
and
ZE (5,91, W / d*y /de (e, 2y;51))y* 2,
with
Yyy1 ‘
X(z,y;91) = R
U
T 1

Then we have Z(>)(s, W) = Z(=)(s,1, W) and
Z( )(S) Y1, W’U) - Z+(87 Y1, W’U) + Z_(87 Y1, W’U)

=Z"(s,y1, Wo) + Z7 (8,41, Wite (vo)0)-
This implies that Z() (s, y;, W,,) vanishes when Il (7o)v = —v. For example, in the case
(2)(ii) in the proposition Z(*)(s, W,,) = 0 for the spherical vector vy € Il,,. We set

vi(9) = vo(g, X)),  v1(9) = vo(g, X(—1,-1)),
where v(g, X) := 4|,_ov(gexp(tX)) (g € G, X € Lie(G)) and
1 +v—1
1 +v—1

X(:I:l,:l:l) = :i:\/—_l ]

+v—1 —1
Then vi € 720y, V] € T2, and I(y)v; = —vf. We can compute the local zeta

integral similarly to the case of class one principal series (2)(i).

Remark 2. (relation between GSp(4) x GL(2) integrals) Hoffstein and Murty [H-M]
obtained the local functional equation for the standard L-function on GL(3) for wave
form by explicit computation of local zeta integral. The essence of their idea is to ‘reduce
to the case of GL(3) x GL(2).” We give similar interpretation in our case. Consider Mellin
transform of Z* (s, y;, W,):

/ Z+(S)y17Wv)y§de1
0
/ d* y1/ d*y W, (diag(v/y1, v/¥. /vy, 1/\/9)) v 2, 5= (t+3)/2

1—-v-1x
x [ dz exp(2my/—T1azy) - (1427 02— )
| o explemy=Tay) - (14?0 (2

Here an integer m is determined by
1

T ( cosf 1 sin )U:e\/jmov.

—sinf cosf



Then the integral with respect to x becomes Jacquet integral on GL(2), that is prin-
cipal series Whittaker function on GL(2). Thus the above Mellin transform becomes
archimedean part of Novodvorsky’s zeta integral on GSp(2) x GL(2) (see [B1]). Since
this integral does not contain ‘unipotent integrals,” the computation is relatively easy, and
when m = 0 Niwa [Ni] computed it:

/ ZJJ\?(Sayl,Wuo)yidX%
0

_ - - + 15 s 1+
: SR 2 1 SR 2 1
F(_S—;H_Q + VlZVQ)F(_S—;t+2 _ VlZVQ)F(_S—;t+2 + 1/1;}1—1/2 )F(_S';t""Z _ Vljl—VQ)

D(=s +5)0(55)

X

By applying Mellin inversion, we get the desired formula for case (2)(i). See Moriyama
[Mo-4] for archimedean theory of L-funtions on GSp(2) x GL(2) via Novodvorsky’s inte-
grals.

At ramified finite places v, Takloo-Bighash [TB] determined local L and ¢ factors
LI(S, Hv) and 5(3a HU7 77Z)v) Let Al(sa H) = Hv Ll(S, Hv) and 81(37 H) = Hv€(8, Hv7¢v) be

the completed L-function and e factor. Our conclusion is as follows:

Theorem 3.2. [Mo-2], [Is-Mo] Let II = &1, be a generic cusp form on GSp(4,Aq)
with trivial central character. If . is equivalent to (1), (2) or (4) in introduction, the
completed spinor L-function Aq(s,I1) can be continued to an entire function of s and
satisfies the functional equation

Al(S, H) = 51(8, H)Al(l — S, Hv)

Remark 3. Asgari and Shahidi [A-S] recently obtained a result more general than ours
by using Langlands-Shahidi method. In particular they do not impose any restrictions
on Il,. But we believe that our explicit computation of the local zeta integrals has
independent interest.

4. STANDARD L-FUNCTION

Except for the doubling method, there are two kinds of integral representations of the
standard L-functions for generic cusp forms on GSp(4):

e two variable zeta integral by Bump, Friedberg and Ginzburg [B-F-GJ,
e Shimura-type zeta integral by Ginzburg, Rallis and Soudry [G-R-S].

4.1. two variable zeta integral. For two complex numbers sq, sy € C and generic cusp
form ¢ on GSp(4, A), Bump, Friedberg and Ginzburg [B-F-G] considers

Z(s1, 82, 9) =/ ©(9)Es(s1,9)Es(s2,9) dg
Z(A)GSp(4,Q)\GSp(4,A)

Here Z(A) is the center of GSp(4,A) and E,(s,g) (resp. Es(s,g)) is the Klingen (resp.
Siegel) Eisenstein series belonging to the degenerate principal series. Basic identity and

7



unramified computation implies
Z(s1,89,¢) = L3 (51, 1) L5 (9, IT) H ZW (51, 59, W),
vES

The local zeta integral at the real place is

7 (51, 89, W) = W) () £ (wyg, 51) F) (wag, 52) dg,

/Z(R)(NJQNS)\GSP(ZLR)

where f; =], f}v) (resp. fs =11, fév)) is the section of Klingen (Siegel) Eisenstein series
and w; and wy are certain elements of the Weyl group of Sp(4, R).

At the present we can carry out the archimedean computation in the following two
cases.

Proposition 4.1. (1) Ifll,, = I(Py;0+,v) then

7 (51, 89, W) = L1 (51, o) La (82, o).
Here vy is the corner vector in Il.
(2) If I, = I(Py; triv,v) then

7 (51, 89, Woy) = L1 (51, o) La (82, o).

Since we have already proven the functional equations for the spinor L-functions, and
thus we get them for the standard L-functions.

4.2. Shimura type zeta integral. Recalling the unipotent radical N; of P; is isomor-
phic to Heisenberg group of dimension three, we construct Schrodinger representation wy,

on Nj(A) := {n(xg, x1,29,0) | Zo, x1, 22 € A} and extend it to N;(A) X S'E(Z,A). Then
we can define a theta function

Oo(ng) = > wy(ng)p(&), (n,g) € Ny(A) x SL(2,A)
£eqQ

with Schwarz-Bruhat function ¢ on A. The zeta integral is

Z(S,(,O) - / / 90|NJ><SL2(nvg)E(g7 S)0¢(ng) dndg7
SL(2,Q\SL(2,A) J N;(Q)\Ns(A)

where E(g, s) is the metaplectic Eisenstein series on S'VL(Z,A). The archimedean zeta
integral is

1
r 1 1

709 (5, W) = / / ()
( ) N2(R)\SL(2,R) /R ( ‘1 —x c ‘d )

~wy(n(z,0,0,0)g)6(0) 1) (g) dadg,

a b T

with g = € 2, an 9 = T € . Here is the example o
h ") € SLE.R) and Ny(R o R}. H h le of

the computation.



Proposition 4.2. IfI1 = I(Py; 04+, V), we have

2N Wa) _ [ dor gy Dlon =k £ 00k ) —§ -
2\ Ww) 51y |
Ly(s, 1) oo 2T [(s; —k+ %)F(«Sd —k+ %)
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