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1 Introduction

For a cuspidal Hecke eigenform f of weight 2k —n with respect to SLa(Z), let
f be the Tkeda lift of f with respect to Spe,(Z), and f the modular form in the
Kohnen’s plus space corresponding to fAurAlder the Shimura correspondence.

Then Ikeda conjectured that the ratio <Ji’ ]i> of the Petersson product of f to

)

that of f is expressed by a product of certain L-values of f. In this report, we
explain our strategy for proving this conjecture, and report recent progresses,

in particular, in case n = 4. As a related topic, we discuss congruences
between Ikeda lifts and non-Ikeda lifts.
Notation.

For a complex number z put e(x) = exp(27y/—1z).
For a subset S of a commutative ring R, put SY = {a?;a € S}. For a
commutative ring R, we denote by M,,,,(R) the set of (m, n)-matrices with
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entries in R. Here we understand M,,,,(R) the set of the empty matrizif m = 0
or n = 0. In particular put M, (R) = M,,(R). For an (m, n)-matrix X and an
(m, m)-matrix A, we write A[X] =*XAX, where ‘X denotes the transpose
of X. Let a be an element of R. Then for an element X of M,,,(R) we often
use the same symbol X to denote the coset X mod aM,,,(R). Put GL,,(R) =
{A € M,,(R);det A € R*}, where det A denotes the determinant of a square
matrix A, and R* denotes the unit group of R. Let Sym,,(R) denote the set of
symmetric matrices of degree n with entries in R. Furthermore, for an integral
domain R of characteristic different from 2, let H,,(R) denote the set of half-
integral matrices of degree n over R, that is, H,(R) is the set of symmetric
matrices of degree n whose (i, j)-component belongs to R or %R according
as i = j or not. In particular, we put £, = H,(Z). We call an element of
2H,,(R) an even-integral matrix over R. For a subset S of M,,(R) we denote
by S* the subset of S consisting of non-degenerate matrices. In particular,
if S is a subset of S, (R) with R the field of real numbers, we denote by S
(resp. S>o) the subset of S consisting of positive definite (resp. semi-positive
definite) matrices. Let R’ be a subring of R. Two symmetric matrices A and
A’ with entries in R are called equivalent over R’ with each other and write
A g A’ if there is an element X of GL,(R’) such that A’ = A[X]. We also
write A ~ A’ if there is no fear of confusion. For square matrices X and Y

: X O
we write X 1Y = oy )

For an integer D € Z such that D = 0 or 1 mod 4, put ?p be the
discriminant of Q(v/D), and put fp = %. Furthermore let xyp be the
character corresponding to Q(v/D)/Q. Here we make the convention that
bp =1 and xp = 1 if Q(vD) = Q.

2 Ikeda’s conjecture on the Petersson prod-
uct of the Ikeda lift

o, -1,
1, O,
a subring K of R put

GSpan(K)t ={M € GLy(K) ; J,[M] = k(M)J, with some k(M) > 0},

and

Put J, = ) , where 1,, denotes the unit matrix of degree n. For

Span(K) = {M € GSpy,(K)T ; Jo[M] = J,}.
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Furthermore, put
I = Spon(Z) = {M € GLo,(Z) ; J[M] = J,}.

Let H,, be Siegel’s upper half-space. Let [ be an integer or half integer. For

each element M = ( é g > € GSp,(R)" and Z € H,, put

M(Z)=(AZ +B)(CZ + D)™!

and
J(M,Z)=det(CZ + D).

Furthermore, for a function F' on H,, we define F|;M as
(F|:M)(Z) = det(M)"?j(M, Z)"' F(M(Z)).

For a congruence subgroup I" of I5,, we denote by M;(I") (resp. M®(I") the
space of holomorphic (resp. C'°-) modular forms of weight [ with respect to
I'. For a modular form F' of weight [ with respect to I' and v € I',, we have
the following Fourier expansion:

Fly(Z2)= ) a,r(Ae(t2(AZ)),

Aeﬁnzo

where tr denotes the trace of a matrix. We call F'(Z) a cusp form if a, p(A) =
0 unless A is positive-definite. We denote by S;(I") the suspace of M;(I)
consisting of cusp forms. Let dv denote the invariant volume element on H,,
defined by

dv = det(Im(Z))_”_l /\lgigjgn (dZEZ] A dylﬂ)

Here for Z € H,, we write Z = (x;;) + v/ —1(y;;) with real matrices (x;;) and
(yi5). For two C*°-modular forms F' and G of weight [ with respect to I" we
define the Petersson scalar product (F, G) by

(F,G) = (I, : ]! /F -, FOEZ) der(im(z) v

provided the integral converges.



Let n be a positive integer. For an element T" € L;,~, put d7 = d_1yn/2 qey(21): fr =
f—1)n/2 desomys @A XT = X(—1yn/2 det(2r)- NOW we define the local Siegel series
by(T,s) by

by(T, ) = > e(tr(TR))p= (R,
ReSyma(Z[1/p])/Symn(Z)

where 1,(R) = [RZy : Zy]. We remark that there exists a unique polynomial
F,(T,X) in X such that F,(7,0) =1 and

=) T - pP %)
b (T, s) = F,(T,p* i=
o(Tys) = BT 1 — xr(p)p™/?=s

(cf. Kitaoka [Ki].) Now let k be a positive even integer. Let

f(z) = a(m)e(mz)

m=1

be a primitive form in So;_,(I}). Furthermore let

be a cuspidal Hecke eigenform in Kohnen’s plus subspace S, Jar1/2(L0(4))

corresponding to f under the Shimura correspondence (cf. Kohnen, [Kol.)
We define a Fourier series I,,(f)(Z) in Z € H,, by

L(f)(Z)= Y anp(Tetx(T2)),

TeLlnso

where

ar, ) (T) = e(or)) T (07212000 T] (T 020,

p p

Then Ikeda [Ik1] showed the following:
LI,(f)(Z) is a Hecke eigenform in Si(I,) whose standard L-function is

n

C(s)HL(s—l—k—i,f),

i=1



where ((s) is Riemann’s zeta function, and L(s, f) is the L-function of f
defined bellow.

We call I,(f) the Ikeda lift of f. We note that I,,(f) is uniquely determined
by f. We also note that I(f) is the Saito-Kurokawa lift of f.

To formulate Ikeda’s conjecture, put

Tr(s) = 7 */*T(s/2)
and
Fc(s) =Tr(s)Ir(s+1).
We note that
Cc(s) =2(2m)°T(s).
Furthermore put
£(s) =T'r(s)C(s)
and _
£(s) =Tc(s)((s).
Let a;, € C such that o, + a, ' = p~#/2F1/2q(p), which we call the Satake

p-parameter. For a Dirichlet character x we define the L-function L(s, f,x)
of f twisted by x as

L(s, £,x) = [ JAQ = app™ 72725 (p)) (1 = 0 ' p 72712 (p)) }

and put
A(s, f.x) =Tc(s)L(s, f.x)-
In particular, if x is the principal character we write L(s, f, x) and A(s, f, x)

as L(s, f) and A(s, f), respectively. Furthermore, we define the adjoint L-
function L(s, f, Ad) as

s, fAd) = [ {Q-p A -alp™)(1—0a,?p ")},

p:prime

and put
As, f, Ad) =Tc(s)Te(s + 2k —n — 1)L(s, f, Ad).
Now we have the following diagram of liftings:

Slj—(n—1)/~2<F0<4)) — Sop_n(l1) — Sk(I7})
/ = f = L)



Then Tkeda[lk2] proposed the following conjecture:

Conjecture A. There exists an integer a(n k) such that

n/2—
<(<}—fn()>: 2R A (k £)E H (2i + 1, f, Ad)€(2i)

Remark 1. When n = 2, Conjecture A is true. Namely, Kohnen and
Skoruppa showed that

I I
< 2(][27 ~2(f>> _ 2k—1A(
(f, f)
Remark 2. By the result in Kohnen-Zagier[K-Z], for any fundamental
discriminant D such that (—1)*/2D > 0 we have
c(|D])? _ 22D A (R — /2, f x)
() (f,.f) '
Thus, assuming Conjecture A, for any fundamental discriminant D such that
(=1)"2D > 0 and L(k —n/2, f,xp) # 0 we have

k, £)E(2).

L), L) anxc(|D)?A(E, f) R)ﬁﬁﬁvm+LﬁAm~
)

T RV TNy TS ¢ ST R

with some algebraic number a,; depending only on n,k. It is well-known
A2+ 1 A
Ak, /) q AZAL S d)frizl,...,n/Z—lareal—
A(k —=n/2, f,xp)
gebraic number and belong to the Hecke field Q(f). (cf. Boecherer[Bo2],
Shimura[Sh1], [Sh4].) Thus if all the Fourier coefficients of f are algebraic,

then W is algebraic (cf. Furusawa[F], Choie-Kohnen|[C-K].)

that

3 Rankin-Selberg Dirichlet series associated

with the Fourier-Jacobi expansion of the
Ikeda lift

To prove Conjecture A, first we consider a certain Rankin-Selberg Dirichlet
series associated with the Fourier-Jacobi expansion of the Ikeda lift. Let

6



F € Sp(I},). Then we have the following Fourier expansion:
= Y  A(B)e(tr(BZ)) (Z€H,).
BELn-o

Tz

Write Z = Lo ) with 7 € H,,_1, 2 € C" ! and 7 € H;, and we have

the Fourier-Jacobi expansion of F' of type (1, n — 1) as follows:

F<( le T)) Z¢er e(N7),

where ¢n(7, 2z) is the N-th Fourier-Jacobi coefficient of F' and defined as
follows:

on(r )= 3 A(< o 12 ))e(tr(TT)—l—rtz).

TE€Lp_1,7€Z" Y,
ANT— trr>0

Let J;"V(I7]_,) denote the space of Jacobi cusp forms of weight & and index
N with respect to I5,_1. Then ¢y € J"V(I}],) for each N € Z,.
Now we define a Dirichlet series Di(s, F') as

Dq(s; F) = ((2s — 2k + 2n) quN,ngN ,
N=1

where (¢n,dn) is the Petersson product defined on the space Ji'¥ (17 ).
Then, as for the analytic properties of D;(s; F') we refer to the following
result due to Yamazaki [Y2]:

Let Ty i (s) = 78 (2m) =% (s)T'(s — k +n), Then the function

Di(s; F) :=Tx(s) Di(s; F)

has a meromorphic continuation to the whole s-plane, and has simple poles
at s =k and s = k — n with the residue (F, F'). Furthermore, it satisfies the
following functional equation:

Di(s; F) =Dy(2k —n —s; F).



Now we give an explicit formula for Dy (s, I,(f)):

Thmeorem. 3.1. ([Kat-Kawl]|) Let n and k be positive even integers
s.t. k>n+1. Let f be a primitive form in Sop_n(I1), and ¢1 = ¢r, ()1 the
first Fourier-Jacobi coefficient of I,(f). Then we have

D1(5§[n(f>>
= (o1, p1) (s —k+1)(s—k+n)L(s, f).

We give an outline of the proof of Theorem 3.1.

Let -
(% 1)) = S ontr et

First we use the following fact due to Hayashida:
Fact 1. (Hayashida[Ha]) For each N and m, there is a homorophism
Dy(N) : Jl:,ursrf)(FnJ—l) - Jlg,uvs;fN(Fﬁ]—l)
such that Dy(N)(¢m) = dmn-

We note that D¢(N) coincides with the usual shift operator Vi in Eichler-
Zagier [E-Z] and with D,,_1 (V) in Yamazaki[Y1] in case n = 2. However it
does not so in genaral, and depends on f. Next we use the fact concerning
the adjoint operator of Dy(N). To explain it more precisely, for a positive
integer N

5+1 —(6+1) 5 -5
o ap al — «
—(n—1)/2
\I;p(?\j; OCp) _ _P +p (n=1)/2 ~“Pp P
o, — a1 o, —al
P p p P

where § = ord,(M), and «, is the Satake p-parameter. Then we have the
following;:

Fact 2. Let D}(N) : J."P (I )) — Ji'W(I7/1) be the adjoint opera-
tor of Dy(N), that is

(Dr(N)(9), ¢) = (¢, DF(N)(¥))
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for any ¢ € Ji'w (1)) and ¢ € J"0 (I3 }). Then
Dj(N)Dp(N) (1) = Y d*H(N/d)* 02 TT W, (N/d; o).
d|N p|N/d

Now by using the above two facts we have

Z<¢N7¢N>N_S — Z(Df(N)(¢1),Df(N)(gbl))N—S
= {01 DH(N)Dy(N)(9))N

- i<¢17¢1>N Y AN @) e T Wy (N ds )
=t dan pIN/p
_ ((s—k+1)C(s — k+n)L(s, f)
= (¢1, ¢1) (25 — 2k + 2n) :

Thus the assertion holds.
By taking the residues of the both sides of Theorem 3.1, we have

Corollary. Under the same assumption as above, we have
Un(f)a In(f)> _ 9—k+n—2 Py
o b 2 A(k, f)E(n). (1)
4 Rankin-Selberg convolution product of the
Ibukiyama correspondence

To prove Conjecture B, we consider the Rankin-Selberg convolution product
of the Ibukiyama correspondence. Let
n—1 A B
I} )(N):{< o D ) €l ; C =0 mod N}.

Let | be a positive half integer. Let F(Z) € Sl(FO(n_l)(ZL)). Then F(Z) has
the following Fourier expansion:

F(Z)= ) ap(Ae(tr(AZ))

AEﬁn_1>0
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We define the Rankin-Selberg convolution product R(s, F') of F' as

Aoy el

AL s o] SIn1(Z) B(A) (det A)s

where e(A) = #{X € SL,_1(Z); "X AX = A}. As for the analytic properties
of R(s, F'), we have the following:

Proposition 4.1. Let F € Sl(FO(n_l)(él)). Put

n—1
'771—1(3) _ 21—28(71—1)W—s(n—1)+(n—1)(n—2)/4 H F(S _ (] _ 1)/2)’

Jj=1
and

Hgif)/?(l . 2—21'71)

e, = Fn_ : F(n—l) 4 4—n(n—1)/22—1 .
[ 1-1o (4)] (1—2-7) HEZIQ)/Z(l — 2i=2n)

Then R(s, F') has a meromorphic continuation to the whole s-plane, and has
a simple pole at s = | with the residue

[1072¢2i + 1)
() TI 27 e(2n — 2i)

(1) (F,F).

Proof. The assertion can be proved in the same manner as in Kalinin[Kal]
combined with the result of Shimura. But, for the readers’ convenience we
here give an outline of the proof. For a positive integer, we define the non-
holomorphic Siegel Eisenstein series En(Z, s) by

Ex(Z,s) = det Im(Z)* > §(M, Z)|7%,
Mer{" V() 1"V ()

A

0

where Fé”_l)(]\f)oo = {( IB; > € F()(n_l)(N)}. Then by the usual Rankin-

Selberg method, we have
R(s,F) = yp_1(s) o : IV @)(FEs(%, s + nj2 = 1), F).
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On the other hand, by a careful analysis of Shimura[Sh4], the function

(n=2)/2
Ev@s+n—20) J] &v(4s+2n—41—20)Ex(Z, s +n—1)

=1

has a meromorphic continuation to the whole s-plane, and has a simple pole
at s = [ with the residue

n—2)/2

(n—2)
4—71(71—1)/2 H(l _ p—l) H gN(Qj + 1)’
i=1

pIN
where {y(s) =[], x(1 —p7)&(s). Thus the assertion holds.

Let k be a positive integer. We then define the generalized Kohnen’s plus
subspace of weigth k& — 1/2 with respective to Fo(n_l)(él) as

SV ={F(2)= > c(A)e(tr(AZ)) € Sp_1ja(I3" "V (4);
AEEn71>O
c(A) = 0 unless A = (—=1)*"! “rr mod 4L,,_,for some r € Z"'}

Then there exsits a correspondence between the space of Jacobi-forms of
index 1 and generalized Kohnen’s plus space due to Ibukiyama. To explain
this, let ¢(Z, z) € kalllSp(FJ ). Then ¢(7, z) can be expressed as follows:

n—1
$(r.z)= Y h(r)0(.2),
rezZn—1/27Zn—1
where h,.(7) is a holomorphic function on H,, 1, and
0,.(1,2) = Z e(tr(7['(A + 27 1) + 2N + 27 1) 2).
)\EMl,nfl(Z)
We note that having the following Fourier-Jacobi expansion,
o(t, 2) = > (T, r)e(tr(TT) +r'z),

TELp_1,7€EZ" T,
AT — trr>0

we have
ho(7) = > c(A+trr/4,r)e(tr(AT)).

AEiSymn,l(Z)N)
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We then put
H, () = Z h(47).

rezn—1/2Zn-1

Then Ibukiyamal[lb] showed the following:
Let k be even positive integer. Then H, 1 gives a C-linear Hecke equiv-
artant isomorphism

cus ~ n—1
Hooy: OS] ) 2 81 (10 (4).

We call H,_; the Ibukiyama correspondence. We note that we have

Hoa(0)= > > c((A+'rr) /4 re(tr(Ar)).

AeSymn—1(Z)>o reZn—1/2Zn-1

Put h(7) = (hy(7))rezn—1/2z7-1. Then h is a vector valued modular form with
respect to I';,_1. Define a Dirichlet series R(s,h) as

c(A+ trr/4,7)|?
R(s,h) = Z Z | (e(A)det/AS ! ‘

AetSymp_1(Z)>0/SLn_1(Z) €L~ /2271

As for the relation between the Petersson products, we have the following:
Proposition 4.2. We have
(6, ¢) = a2 2DOVH, 1 (9), Hyoa(9)),
for any ¢ € J;ﬁSp(FJ_l), where ¢, is the constant in Proposition 4.1.

Proof. Tt is well-known that we have

wo-27 ¥ by (7)o () Len () 24,

rezn—1/2zn-1 n—1\Hn—1

where h,(7) is the function stated above. Since h is a vector valued modular
form with respect to I';,_1, we can again apply the Rankin-Selberg method
and we have the following:

Rish) =ma(s" Y /F o (Y ()T (7 )= Y2E, (7, =),

TGZ"_I/ZZ"_l n—l\Hn—l
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where 7,-1(s) is the function in Proposition 4.1. Thus by taking the residue,
we have

127 €(2i + 1)

Ress—k—1/2R(s,h) = anl%,l(k — 1/2)15(71) HEZQ)/Q £(2n — 2i)

(¢, ).

We note that we have
R(s,h) = 2"V R(s, H,1(9)).
Thus by Theorem 4.1, the assertion holds.

Now we have the following diagram of liftings:

S+ (n— 1/2(F(1 (4)) > f ——  f € Sy_n(lY)

l

I(f) € Se(I7)

|

Sy (I3 V() 3 Hya(¢1) ——— ¢ € ST y)

Then by using Corollary to Theorem 3.1 and Proposition 4.2, we see that
the Conjecture A is equivalent to the following:

Conjecture B Assume the same situation as above. Then there exists
an integer 3(n, k) depending only on n and k such that

n/2—1

o) _ = ¢ 120 k) Hgm (2 +1, f, Ad)

(a0, P
(f, ) i—1

(Hn-1(¢1), Hn-1(¢1))

A

Remark. Assuming Conjecture B, s an algebraic

number and can be computed exactly.

Now we propose one conjecture concerning an explicit form of R(s, H,—1(¢))
for the first Fourier-Jacobi coefficient ¢ of the Ikeda lift:
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Conjecture C. For a primitive form f € Sop_n(I1), let f € S njat1/2(L0(4))
and ¢y = ¢r,(p1 € J 1 (I])) be as above. Put A, = § LT3 €(2i). Then,
we have

n—2
2

R(s, Hy_1(¢1)) = A\p20miTbnssC(254n—2k+1)7" H C(454+2n—4k+2—-25)7"

=1
x{R(s—n/2+1, [)((2s—2k+3) [ [ L(2s—2k+2i+2, f, Ad){ (25 —2k+2i+2)
i=1

n—2
2

+R(s, f)¢(2s = 2k +n+1) [[ L(2s — 2k + 2i + 1, £, Ad)((2s — 2k + 2i + 1)},
=1

where a,, and b, be integers depending only on n and k.

Remark. The right-hand side of the above form multiplied by

(n=2)/2
Yuo1(8)E@2s +n =2k +1) [ €(4s+2n — 4k + 2 — 21)

i=1
is invariant under s — 2k — 1 —n/2 — s.
Theorem 4.3. If Conjecture C is true, so is Conjecture B.

Proof. By taking the residue of the both-sides at s = k—1/2 in Conjecture
C, we get

n/2—1 n-2
Resei_1/2R(s, Hy_1(1)) H @icn) [ ¢2n —25)"
=1
X {ReSe—r_nj211/2R(5, f H L(2i+ 1, f,Ad)C(2i + 1)}.
=1

On the other hand, by Proposition 4.1, we have

1272 e2i+1)
() [T 27 e(2n — 20)

14
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xepyi(k —n/2+1/2)762) 7 F, @) ] L2i+ 1, £, Ad)¢(2i + 1)}

We note that
((s) =Tr(s)"'¢(s),

and ~
L(s, f,Ad) = Tc(s) 'Ta(s + 2k —n — 1) "TA(s, f, Ad).

We also note that

(n-2)/2
Yuor(k = 1/2) (k= n/2+1/2) = 27202 T Te(2k —n +2i).

i=1
Thus we have

CalHu-1(61), Ho1(61)) 270 TR(n) [ Tr(2n — 2i)
ol DTLE (L2 + 1, £,ADE2i)} TR I To(2i+ DIR(2i+ 1)

2—2k(n—2) H?:—; FR(QZ) B 2—2k(n—2) HEZ;U 2i_1rc(i)

177272 Te(2i + 1)Pr(2i + DIr(21)  [17722 De(2i + 1) (24)
_ 272k(n72)+(n72)(n71)/2.

This proves the assertion.

Theorem 4.4. ([Kat-Kaw2]) Conjecture C is true for n = 4, and there-
fore, so is Conjecture A.

The proof of Theorem 4.4 is similar to those in the main results in [Ib-
Kat1],[Ib-Kat2], and can be reduced to a computation of certain formal power
series attached to polynomilas F'(B, X) in Section 2. However the situation
is more complex than those.

15



5 Congruences between Ikeda lifts and non-
Ikeda lifts

In this section, we consider the congruence between Ikeda lifts and non-Ikeda
lifts. Let L,, = Lq(GSp2,(Q)™, I},) denote the Hecke ring over Q associated
with the Hecke pair (GSp2,(Q)™, I,). For each integer m define an element
T(m) of L,, by

T(m)= > Iu(dil..ld,Lleil...Le,)T,

where dy, ..., d,, e, ..., e, run over all positive integer satisfying
di|dit1, eivile; (1=1,...,n—1),d,le,, die; =m (i =1,.....,n).
Furthermore, for + = 0,1, ...,n and a prime number p not dividing N, put
Ti(p?*) = [y(1,—; Lpl; Lp*1,_; Lpl,) T,

As is well known, L, is generated over Q by all T(p) and T;(p?) (i = 1,...,n).
We denote by L! the subalgebra of L, generated by over Z by all T'(p) and
Ti(p?) (i = 1,...,n). Let T = I,MT, be an element of L, ® C. Write T as
T = U, I,y and for f € M(I},) define the Hecke operator |,T" associated to
T as

f|kT _ det(M)k/Q—(n—i-l)/Q Z f|k’7
il

We call this action the Hecke operator as usual (cf. [A].) If f is an eigen-
function of a Hecke operator T € L,, ® C, we denote by A;(7T') its eigenvalue.
We call f € My(I},) a Hecke eigenform if it is a common eigenfunction of all
Hecke operators. Furthermore, we denote by Q(f) the field generated over
Q by eigenvalues of all T' € L,, as in Section 2. As is well known, Q(f) is a
totally real algebraic number field of finite degree. Now, first we consider the
integrality of the eigenvalues of Hecke operators. For an algebraic number
field K, let Ok denote the ring of integers in K.

Proposition 5.1 Let k > n+ 1. Let f € Si(I},) be a common eigen-
function of all Hecke operators in Li,. Then X\¢(T') belongs to Oqy) for any
T el
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The above theorem can be proved by using [H-W]| and [Sh2|. For the
details, see Proposition 4.1 of [Kat4].

Now we review a result concerning the congruence between the Hecke
eigenvalues of modular forms of the same weight following [Kat4] and [Kat5].
Let K be an algebraic number field, and © = Ok the ring of integers in
K. For a prime ideal P of O, we denote by Oy the localization of O at P
in K. Let % be a fractional ideal in K. If ¥ = PB with %D(%) = 9(%) we
write ordy = e. We simply write ordg(c) = ordg((c)) for ¢ € K. Let f be a
Hecke eigenform in Si(I3,) and M be a subspace of Si(1,) stable under Hecke
operators T' € L,. Assume that M is contained in (Cf)*, where (Cf)* is
the orthogonal complement of Cf in Si(I},) with respect to the Petersson
product. Let K be an algebraic number field containing Q(f). A prime ideal
P of Ok is called a congruence prime of f with respect to M if there exists
a Hecke eigenform g € M such that

Ar(T) = \g(T) mod P

for any T' € L, where P is the prime ideal of Okq(e lying above ¥. If
M = (Cf)*, we simply call § a congruence prime of f.

Now returning to the case of the Ikeda lift, we propose one conjecture
concerning the congurence between Ikeda lifts and non-Tkeda lifts. Let f be
a primitive form in Sox_p,(I1). Let {fi1,...., fa} be a basis of Sox_n(I}) con-
sisting of primitive forms. Let K be an algebraic number field containing
Q(f1)---Q(fs), and A = Og. To formulate our conjecture exactly, we in-
troduce the Eichler-Shimura periods as follows (cf. Hida [Hi3].) Let P be
a prime ideal in K. Let Ay be a valuation ring in K corresponding to ¥.
Assume that the residual characteristic of Ay is greater than or equal to 5.
Let L(2k —n — 2, Ay) be the module of homogeneous polynomials of degree
2k —n — 2 in the variables X, Y with coefficients in Ag. We define the action
of My(Z) N GLy(Q) on L(2k —n — 2, Ay) via

v P(X,Y) = P((X,Y)(7)),

where v* = (det y)y~". Let Hp(I, L(2k —n — 2, Agy)) be the parabolic coho-
mology group of I with values in L(2k —n — 2, Ay). Fix a point 2y € Hj.
Let g € Sog—n(I7) or g € Sop—(I7). We then define the differential w(g) as

2mig(2)(X — 2Y)"dz  if g € Sop_n(I7)
w(g)z) = { omig(2)(X — 2Y)"dz  if g € Sopn(11),
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and define the cohomology class §(g) of the 1-cocycle of I'. as

~(z0)
yen_ﬁ/) ().

0

The mapping ¢ — 6(g) induces the isomorphism
0 Sgk,n(Fl) ) Sgk,n(rl) — H}D(Fl, L(Qk' —n — 2, C)),

which is called Eichler-Shimura isomorphism. We can define the action of
Hecke algebra Lj on Hp(I', L(2k — n — 2, Ay)) in a natural manner. Fur-
thermore, we can define the action F, on Hp(I, L(2k —n — 2, Ay)) as

PN = () d@a)

and this action commutes with the Hecke action. For a primitive form
fand j = %1, we define the subspace Hp(I, L(2k —n — 2, Ay))[f, j] of
HE(I', L(2k —n — 2, Ay)) as

= {z € Hp(I, L(2k—n—2, Ay)) ; z|T = A\p(T)x for T € Ly, and Fio(z) = jz}.

Since Ay is a principal ideal domain, Hp (I, L(2k —n —2, Ay))[f, j] is a free
module of rank one over Ag. Take a basis n(f,j, Ay) of Hp(I, (2k —n —
2, Ag))[f, ] and define a complex number (f, j; Ay) by

(O(f) + 7 F(8(1)))/2 = Q(f, J; Ap)n(f, 3; Ay)-

This Q(f,j; Ay) is uniquely determined up to constant multiple of units
in Ay. We call Q(f,+; Ay) and Q(f, —; Ag) the Eichler-Shimura periods.
For j = £,1 < 1| < 2k —n — 1, and a Dirichlet character y such that

x(=1) = j(=1)""", put
T()L(L, f, x)
() 2rv=1)!Q(f, j; Ay)’

where 7(x) is the Gauss sum of . In particular, put L(l, f; Ay) = L([, f, x; %)
if x is the principal character. Furthermore, put

L(t, fix) = L, fx: Ay) = —

L@ﬁmnzﬂ%%%l
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Then it is well-known that L(l, f, x) belongs to the field K(x) generated
over K by all the values of x, and L(I, f, Ad) belongs to Q(f) (cf. [Bo2],
[Sh1].) Let f be the Ikeda lift of f. Let Sy(I},)* be the subspace of S(I},)
generated by all the Tkeda lifts ¢ of primitive forms g € Sox_,,(I7). We remark
that Si(I%)* is the Maass subspace of Si(I%). As for this, the first named
author[Kat5] proposed the following conjecture:

Conjecture D. ([Katb]) Let K and f be as above. Assume that k > n.
Let P be a prime ideal of K not dividing (2k — 1)!I. Then ¥ is a congruence
prime of f with respect to (Sp(I},)*)* if and only if P divides L(k, f) H:ﬁ*l L(2i+
1, f, Ad).

In [Kath], we explained why our conjecture is reasonable. We review it:

Theorem 5.2. Let K and [ be as above. Assume that the Conjecture A
holds for f. Let P be a prime ideal of K. Furthermore assume that
(1) ¥ divides Lk, f) T[22 L(2i + 1, f, Ad).
(2) P does not divide

n

£@2m) [L@m + k — i, f)L(k —n/2, f,xp)D(2k — 1)!

i=1

for some integer 2 < m < k/2—n/2, and for some fundamental discriminant
D such that (—=1)"2D > 0.

Then P is a congruence prime off with respect to CfL. Furthermore assume
that either one of the following conditions:

(3-1) n =2, and f is ordinary at the prime number p divided by P.

(3-2) f is ordinary at the prime number p divided by P, and P does not divide

(f. f)
(f> +, AgD)Q(f? B A@Is) ‘

1 n—1
[T G+t g

p<(2k—n)/12

Then 9 is a congruence prime of f with respect to (Sk(In)*)*.

As stated above, Conjecture A is true in case n = 2 and 4. Thus the asser-
tion of Theorem 5.2 holds without assuming Conjecture A in this case. We
remark that a similar result has been obtained in case n = 2 by Brown[Br].
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Key ingredients of the proof of Theorem 5.2 is as follows:
(1) Pullback formula of the Siegel Eisenstein series acted by a certain differ-
ential operator(Boecherer[Bol],[Bo2], Shimura[Sh4])
(2) Characterization of congruence primes of f (Hida[Hi3|)
(3) Waldspruger type formula on L(k —n/2, f, xp) (Kohnen-Zagier[K-Z])

Example Let n = 4 and k£ = 18. Then we have
dim Si5(I'y) =~ 16 (cf. Poor and Yuen[P-Y])
and
dim S1g(Iy)* = dim Ssa(L1) = 2.
Take a primitive form f € Ss5(I7). Then we have [Q(f) : Q] = 2, and
211 = P9 in Q(f). Then we have

No(p/(L(18, f)) =27-3%-52- 7211 - 13 - 211,

4
NQ(f)/Q(H L(24—i, f)) = 2'7.313.5°.75.112.13%.17°-19°.23-503-1307-14243,

=1
£(6)=2"2.372.771

and
Na(pq(L(16, f,x1) =2°-3%-5% . 72 . 11 - 132,

(cf. Stein [St].) Furthermore, by a direct computation we see neither P nor
P is a congruence prime of f with respect to Cg for another primitive form
g € Sso(I1). Thus by Theorem 5.2, P or ' is a congruence prime of f with
respect to Syg(y)*".
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