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1 Introduction and the Conjectures.

As a next step of the Eichler-Shimura theory, tH8p(4, Q) case is studied by some
researchers. But, there are still problems in the relation betweeh-thaction of
modular varieties and modular forms.

van Geemen, Nygaard and van Straten in [4], [3] determined the defining equation
of some Siegel threefold varieties, and determined their Hasse-Weil zeta functions.
Further they gave some conjectures on their zeta functions and the gpinnctions
of Siegel cuspforms of weigl$ton each varieties, which are interpreted as differential
3-forms. We will review their results, quickly.

Let
r4,8) = {( 4 P )ery|digB)=diag(C)=0 (mods8)},
r24,8) = {0 B ) eT@8) | trace(4) =0 (mod 2)}.

Let e(z) = exp(2mv/—1z),2 € C, andZ[v] = "vZv. Let#,, be the Igusa theta
constant associated to a characteristie= (m1, mo, ms, my), thatis,

0 (2) = agezze(%<Z { Z;i%gg; } + mg(my + 2a)/2 + ma(ms +2b)/2)>,

andlet®,,,,(Z) = 0 n,0,0)(2Z). From the theta embeddity 4 5y : I'(2, 4, 8)\H2 —
P13 given by

ten even theta
Z = (0(0,0,0,00(Z), -+, 001,1,1,1(Z2),000(Z), ©10(Z), ©01(Z), ©11(2)),

they derived the defining equation df(2,4,8) = I'(2,4,8)\92. Moreover they
showed that the image @, 45) is @ complete intersection. Using these facts, they
concluded thabs(I'(2, 4, 8)) is spanned by the six-tuple products of theta functions in
the table below.



space dim theta series

S3(I'(4)) 15 01 = 0(1,0,0,090,1,0,000(1,1,0.000(1,0,0.1)00,1,1,000(1,1,1,1)

(2)

90 02 = 0(0.0,0,0)9(0,0,0,0)0(1,0,0,0)0(0,1,0,0)0(0,0,1,0)0(0,0,0,1) (£)

90 03 = 0(1,0,0,0)9(0,1,0,0)0(0,0,1,0)0(0,0,1,0)0(0,0,0,10(0,0,0,1) (£)

S3(T'(4,8)) 360 01 = 000,0,0,009(1,0,0,0)0(0,0,1,0)0(0,0,0,1)#(0,0,0,1)0(1,0,0,1) (£)
(2)

(2)

(2)

180 | 05 = 0(0,0,0.00.0.1,0)0(0.0.0.1)%00.0.1.1)00,1,1,00(1,1,1,1)
60 06 = 0(0.0.0,009(0.0.0,0)9(0,0,0.0)0(1,0.0.0)8(0.0,1,1)0(0.1,1,0)
360 | 07 = 6(0,0.0.00(0.0.0.00(1.0.0.00(0.1.0.00(0.0.0.1)0(0.0.1.1)

240 0 = 0 0,00(1,0,0.0)0(0.1,0.0)0(0,0.1.0)0(0,0.1.0)0(0.0.0.1)(Z)
S3(I'(2,4,8)) | 360 B9 = 00,0)9(0,0,0,0)9(1,0,0,0)0(0.1,0,0)0(0,0,1,0)0(0,0,0,1) (£)
288 010 = 9(0.0)0(0.0.0.0)7(1.0.0.0)0(0.1.0.0)0(0.0.0.1)0(0,0.1,1) (£ )
240 011 = 00,001.000,1)00,0,1.0)0(0,0,0,100,0,1,1(Z)

EachSp»(Z) translation ob; spans a finite dimensional subspace&efl’(2, 4, 8)).
It holds

(Z’YESPQ(Z) C- 91|P)/) N (Z'YGSPQ(Z) (OF 97|AY) =0 (Z # ])7

and, for example

dime Y C-i]y =15.
YESP2(2)

The meanings of the numbers in the above table are like this. In particular,

dim S5(I'(4)) = 15, dim S5(I'(4, 8)) = 15 4+ 90 + - - - + 360 = 1155,
dim S3(T'(2, 4, 8)) = 1155 + 240 + - - - + 240 = 2283.

Using Igusa’s transformation formula for theta function, we can obtain the characters
& onI'(2) from O € S5(I'(2, 4, 8)) by:

59(7)20177-

It holds&j = 1.

They showed thaty is characterized by a uniqu& and determined all Hecke
eigenforms inS3(I'(2, 4, 8)) in the following way.
Wheng; = 1, the Hecke algebré( s, = @,20H,(GSp2(Qy), GSp2(Z,)) outside of
2 acts on the one dimensional space, and thus) is a Hecke eigenform. Whefy
is not real-valuedH 5, acts on the two dimensional space spanned aydo’, where
& = &. Thus, an appropriate linear combinationfofindé’ is a Hecke eigenform
(c.f. Proposition 7.4. of [4]).

Computing some Hecke operators on these eigenforms, they gave

CONJECTURE (VAN GEEMEN-NYGAARD-VAN STRATEN [3], [4]) Their spinorL-
functions are described as follows.



label eigenform conjectured spinoi.-function outside o?
Ry =6, (s —1)C(s—2)L(s, p1)
Ry (0;2) | Fo =0y —40, C(s —1)¢(s—2)L(s, p1)
R4(1,1;0) | F3 2934—169% C(s—1){(s—2)L(s, p1 ® w_1)
Ry (1;1) Fy =04+ 40, L(s—1,0,®w_2)L(s, p3 ®w_2)
RZ F5 = 6‘5 L(S - ]., eu)L(S, p2)
R, (2;0) Fs = 6 L(s—1,0, ®w_2)L(s, p2 @ w_2)
R;(I,O) F7 297 L(S,9#®¢1)
RZ(LO) Fg = 6‘8 L(S7/\)
R, (0;1) | Fy =0y somer on SLs(C)?
R; Fip = 910 w_g-tWiSt OfL(S, GH X ¢1)
R(3, 3) Fi1 =01 L(S -1, w,Q)L(S -2, w,Q)L(S, pP1 @ w,g)

Here w, denotes the quadratic character associated to the exter@iond)/Q. ®
denotes the convolution produé,, p;, ¢1 denote some elliptic eigenforms belonging
to the spaces as follows.

elliptic cuspform space
O S2(T'0(32))
() S3(L0(32), w_1)
p1 Sa(L'o(8))
P2 = 9#«3 S4(F0 (32))
p3 Sa(l'o(32))
and X is a GroRencharacter dd(e(3)). O

In particulard,, is obtained by the GroRen-character
2) =Y wae(N(a)z), z €9

wherea runs through all integral ideals @fi] prime to2. u is related to the elliptic

curveE : y? = 23 — x with complex multiplication. (By the way, an explicit birational

map between a certain threefold aficire given, related to the Hodge-Tate conjecture.)
For these conjectures, our main result is

MAIN THEOREM The conjectures foF;, 1 < ¢ < 6 are true.

Our proof is done by the Yoshida lift as follows. The conjectufdd, F;) for 1 <

i < 6 are products of-functions of elliptic modular forms, and the Yoshida lift [13]
can provide a Siegel modular form having such typd.dfinctions. Indeed, in each
spacesSs;(I'(2), £r,) (dimension one or two) containing;, we can construct Hecke
eigenforms having the conjecturédfunction, by the Yoshida lift (modified slightly in

[7]). For example,

(9#,,02) = }/GM P2 S 53( (2) 5 )
L(s,Ys, p,, spin) = L(s — 1,0

= F57
1L (s, p2),

thusL(s, F5) must beL(s — 1, 6,,)L(s, p2) as conjectured.



REMARK 1.1 ((s)((s—1) oritstwists are contained in the-functions ofF, F, F, F11.
They areL-functions of elliptic Eisenstein series. (c.f. Saito-Kurokawa lift.)

REMARK 1.2 L(s, \) is considered as d-function of a Hilbert modular form over
Q(+/2) of weight(2, 4). Certainly, the Yoshida lift of another version (studied deeply
by B. Roberts) maps Hilbert modular forms to Siegel modular form of w&igbtir
technique will work for the conjecture dfk. But we have not tried.

2 Proof for F5.

We give a quick review of the Yoshida lift which was modified in our previous work
[7]. Let

Do=Q+QI+QJ+QIJ,I*?=—-1,J*=-1,1J=—JI.

andR be an order inDg. Let p; andy, are eigenforms o). Then, by Jacquet-
Langlands theory, theib-functions are equal to those of elliptic modular forms. Here
; are called automorphic forms, if

(2.1) pi(yrk) = §(k)pi(z),

fory € Dg,z € Dk € Ry. Here = ®,¢, is a character om,, 1?,’. Associated to
the pairpy, 2, We take a certain Schwartz function (i.e., theta kernel or test function)
® =[], ®, on D% so that

i) If & on RX is trivial, @, is the characteristic function dt.
i1) If &, is non-trivial, @, has the property such as
(2.2) @, (ky twrk, ky taoks) = Ep(ky Y a)®p (21, 2),
fork; € Ry, z; € Dy
Further, for our purpose, assume thatis corresponding (by Jacquet-Langlands) to
elliptic modular form of weight2 (see Bdcherer and Schulze-Pillot's works on the

Yoshida lift for general case). Then, we obtain a Siegel modular form of d@goée
weight3.

THEOREM 2.1 (THE YOSHIDALIFT .) Set a function of € $» by

Yoxpse(2) =
h

S i)Y @olyr ways, vy wa) Py (eie) e we((( 0L ) ) 2)).

i,j=1 x1,x2€Dg

Heren; = ti(D@ N y;lRAyi) for the decomposition
h
Dy = | | DgyiRy,
=1

@, is the finite part of Schwartz functior:] ,_  ®,. P; are certain pluri-harmonic
polynomials orH? obtained from the information af.. Then,Y,, «,,.o is a Siegel
modular cuspform of weigltand

L(57 Yw1><<,027‘1>a Spin) = L(S -1 901)L<57 @2)‘



On the other hand, since the ten tuple product (denotegsbg many references) of
even theta functions are 8% (I'(2)) and F5 = 05 is a distinct six tuple product, we find

&r, onT'(2) is equal to the character associated to the complement four tuple product
6y of evend’s:

05 :=0(1,0,0,0900.1,0,00(1,1,0,000(1,0,0,1)(Z),
§F5§05v == §X5 = ]. OI’]I‘(?)

This four tuple product of theta function is related to the quadratic form of rank

4. So, we can identified the quadratic form with the norm form of the above
quaternion algebra Dg!. This identification gives us a theta kernel for the modified
Yoshida lift, such as

and xo = ag + bol +cod +dolJ =1+ J (HlOd 2),

e(d2/4) if .Tl:a1+b1[+01J+d1IJEl+J+IJ,
Oo(z1,22) =
0 otherwise.

(see Introduction and Main idea of [7] for more explanations.)
Then, from (2.2) we get a character= (£)2 x [, 1, on R suchas

R = Z+2ZI+2ZJ +2Z1J,
Ea(k) = (1+42a+2bI +2¢J 4 2dIJ) = (—1)"F=.

We calculate the class numberiof, related taR is 2, so there exist onlg automorphic
forms satisfying (2.1), essentially. Among them, we select the eigenfpims, hav-
ing the same.-function of elliptic modular form¢ s, 6,,, and check that the Fourier

1
2

eigenform inS3(I'(2), £, ) having the conjectured spindr-function, which finishes
the proof.

By the way, van Geemen and Nygaard [3] determined the defining equation of the
Siegel threefold’s = ker(&p,)\$H2, on which F5 rides as a holomorphic differential
form (other cuspforms i$3(I°(2, 4, 8)) don’t ride on). They showed

coefficient at( 1 ) of Y, x,.o IS NoOt zero. Thus, certainly there exists Hecke

R3(Vs, Qi) =4, L(s, H*(Vs,Qq)) = L(s — 1, u) L(s, pa).

So, for the threefold varietys, we have the coincidence éffunction of Galois rep-
resentation and that of cuspform.

3 For F~.

The conjectured.-function of F; is a convolution product of.-function of elliptic
modular forms. Because such type of lift from elliptic modular forms cannot obtain
by the Yoshida lift, the similar technique fdf;s doesn’t work. Although we are in
preparation, we will describe the sketch of our ideaffer

1). Construct the threefold variely; which only F; rides on. V7 will be given by a
certain projection of4(2, 4, 8).

2). Showh3(Vz,Q;) = 4. Itis possible by calculating the Euler numberiaf and
counting some numbers &f,-rational points of the reduction ofl7.



3). Show that the Galois representatignassociated td/3(V7, Q;) has the same zeta
function conjecturedL(s, p7) = L(s, ¥ ® 6,,).

4). By the congruence relation, we obtdifs, Fr, spin) = L(s, p7) = L(s, ¥ ®6,,).
We will only explain (perhaps) the most remarkable technique in 3).
THEOREM 3.1 (OKAZAKI ) Suppose that, p’ : Gal(Q/Q) — GSpa(Zs) is rami-

fied at2 and oo, at most. IfL(s, p), = L(s, p'), for everyp in a certain finite sek of
rational primes, then it hold& (s, p) = L(s, p'). O

In this theoremy. is determined by a ‘finite’ non-fifth degree $etc Im(5(Gal(Q/Q))) C
(GSpa(Z2))?*/((GSpa(Z2))®*)? below, so that
p(Ep) DT, peX.

Here (G Spa(Z4))?* stands for the abelianization, apdneans the projection of to
(GSpa(Z2))?*/((GSp2(Z2))*)?. Notice that(GSp2(Z2))™/((GSp2(Z2))™)? is a
F»-vector space.

DEFINITION 3.2 (NON-FIFTH DEGREE SET.) LetW be a finite dimensional vector
space oveif,. If every homogeneous polynomial of degree fivélomhich vanishes
onT vanishes oV, we sayT' is a non-fifth degree set.

This theorem is obtained by the following two facts.
e M/2M is spanned oveér; by (p(Sp), ¢'(3p)), p € X, whereM = Zs(p(Sp), p'(3p)) C

M478(Zg).

e By Nakayma’s lemmal/ is spanned oveZs by (p(5F,), 0'(8p)), p € . So we
conclude
(3.3) o (p(Fp)) — (' (§p)) =0,

if (3.3) holds forvp € X. Heres; means the elementary symmetric polynomials
of 4 x 4 sized matrix. Thus, at evepy

L(s, p)p = L(s, p)p,
Since the characteristic polynomialsgfs, ), p'(5,) is determined by ;.

REMARK 3.3 This result is analogous to those 61 (2)-representation by Livné [5]
and Tate [12].

REMARK 3.4 Poor and Yuen’s technique in [1] provides good estimations for the
dimensions of}(Sp,(Z)) and S} (T') for T’ C Sp,(Z), and determined some graded
rings of some Siegel modular forms of degree

Their technique says thattwo Siegel cuspforms coincides, if sufficiently many Fourier
coefficients of them coincide. However, our theorem 3.1 may imply a remarkable
progress in the estimation of the dimensions.

REMARK 3.5 To say the coincidence of the spinbffunction and the Galois repre-
sentation by the congruence relation, we need the irreducibility of the Galois repre-
sentation. Since the Galois representation associatel 10/, Q;) is reducible, we
cannot conclude thal(s, Fs, spin) = L(s — 1,6,,)L(s, p2), only from their result
L(s, H3(V5,Qq)) = L(s — 1,60,,) L(s, p2).
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