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1 Introduction

In this paper we shall construct cuspidal Siegel modular forms F' € Si(I'o(N)) of degree 2 with
the following property. There exists a prime number p such that, if

oo
F(r,2,7) = Z Fn (7, 2)e2™mT’
m=0

is the Fourier-Jacobi expansion of F, then f,,, = 0 whenever p|m. We call such modular forms
p-hypercuspidal of degree 1 (p-hypercuspidal of degree [ would mean f,, = 0 whenever pl|m).
The existence of such modular forms is not obvious. For example, one can show that if p t NV
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or p divides N only once, then such modular forms do not exist. One can also show that cusp
forms with respect to paramodular groups, as defined in [RS1], are not p-hypercuspidal; this
follows from the analogous local statement, Proposition 3.4.2 in [RS2].

The examples we shall give are for ['g(p?M) with p { M. More precisely, we shall show that
every cusp form F € Sy,(Io(M)) gives rise to a p-hypercuspidal modular form F' € S, (T (p?M))
in a way that preserves Hecke-eigenvalues at all good places. See Theorem 3.11 for the precise
statement.

A central role in our argument will be played by a certain linear operator i, on the space
Sk(To(N)). This endomorphism is only defined if p?| IV, but assuming this is the case, u, has
rather nice properties. Amongst others, i, is diagonalizable and admits only the four possible
eigenvalues p(p + 1), p, 2p and 0. Consequently, we obtain a direct sum decomposition

Sk(Lo(N)) = Sk(To(N))ppt1) ® Sk(To(N))p ® Sk(To(N))2p © Sk(Lo(IV))o, (1)

where Si(Io(N)); denotes the i-eigenspace of 1. In Sect. 3.3 we shall give several characteriza-
tions of the eigenspaces, one of them in terms of Fourier coefficients. The decomposition (1) is
not new, but is a special case of the direct sum decomposition obtained in [Sa], §3, via “twisting
operators”. See also [Yo].

In this work we are particularly interested in S;(I'o(IV))o, the kernel of p,, since it turns out
that this space consists precisely of the p-hypercuspidal modular forms of degree 1. Thus, given
F € S(Tg(M)) and p{ M, our goal is to find an F € Sy,(To(p>M)) with pu, F' = 0. Our strategy
will be to translate modular forms into automorphic representations and solve the analogous
local problem.

Thus let L be a p-adic field with ring of integers o and maximal ideal p of o, and let (7, V') be
an irreducible, admissible representation of GSp(4, L). Since we are considering modular forms
of haupttype only, we shall assume that 7 has trivial central character. We denote by Si(p"),
n > 0, the local analogues of the Hecke subgroups I'g(/V). The local analogues of the spaces
Sk(To(N)) are the finite-dimensional spaces Vp(n) = {v € V : w(g)v = v for all g € Si(p™)}.
Provided that n > 2 we shall define an endomorphism p : Vp(n) — Vo(n) which is analogous,
and in fact compatible, with the global endomorphism p, of Sk(I'o(NN)). This endomorphism is
diagonalizable and admits only ¢(¢+ 1), ¢, 2¢ and 0 as its eigenvalues, where ¢ = #o0/p. Hence,
we get a similar decomposition as in (1) for the spaces Vp(n). Since Si(p’) = GSp(4,0), the
representation 7 is spherical if and only if V(0) # 0. In this case dim V(0) = 1, and the local
analogue of our global problem consists in finding a vector © € V;(2) such that puo = 0.

For this purpose we shall determine the dimensions of the u-eigenspaces in V;(2) for each Iwahori-
spherical, irreducible, admissible representation (7, V') of GSp(4, L) with trivial central character
and each of the four possible eigenvalues. It turns out that this space can be at most 12-
dimensional, and in this case the dimensions of the eigenspaces, in the order ¢(q+ 1), ¢, 2¢q and
0, are 4, 4, 3 and 1. Our method to determine these dimensions consists in finding an explicit
basis for V(2) and computing the resulting 12 x 12 matrix of the p operator. Hence, at least
for this type of representation (type I representations in the terminology of [RS2]), the kernel of
won V5(2) is indeed non-trivial, and is in fact one-dimensional.
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More calculations and some additional arguments give the dimensions of the p-eigenspaces at
level p? for each of the Iwahori-spherical representations. The results are summarized in Table 1;
see also Theorem 2.11. It turns out that not every spherical representation admits a non-trivial
p-kernel at level p?; those of type IIIb, IVd and VId do not. However, by the main result of [PS],
these representations are not relevant for holomorphic Siegel modular forms. More precisely, the
only spherical representations that can occur in an automorphic representation generated by an
element of Si(I'g(IV)), k > 3, are of type I or IIb. As in the type I case, spherical representations
of type IIb also have a one-dimensional kernel of 4 at level p2. Hence, in each relevant spherical
representation we can find an essentially unique vector ¢ in the kernel of 1 at level p2. If 7 comes
from a modular form F', then, replacing the spherical vector by v, we obtain the desired cusp
form F for which upﬁ’ = 0. Since we are moving to another vector within the same automorphic
representation, Hecke eigenvalues at primes away from p are not affected.

This work is divided into two parts. Part one is the local part, in which we shall define the local
version of the p operator, prove its basic properties, and carry out the required calculations
at level p? in Iwahori-spherical representations. Part two contains the global theory. We shall
define the 1, operator on the spaces Si(I'o(IV)), prove the existence of the decomposition (1),
and finally apply our local results to the construction of hypercuspidal Siegel modular forms.
We caution that we shall use two different, but of course isomorphic, versions of the symplectic
group; in part one we find it convenient to work with the “symmetric” version, while in part
two we shall switch to the “official” version.

2 Local theory

All through this section let L be a non-archimedean local field of characteristic zero. Let o be
the ring of integers of F' and p the maximal ideal of 0. We fix a generator w of p. We shall work
with the algebraic L-group

GSp(4) = {g € GL(4) : 'gJg = \(g)J for some scalar \(g)}, J = 1 . (2

—1

We shall sometimes abbreviate GSp(4) by G. The homomorphism A : GSp(4) — GL(1) is
called the multiplier homomorphism. Its kernel is the symplectic group Sp(4). Note that this is
the “symmetric” version of GSp(4), which allows for the following choices of standard parabolic
subgroups. As a standard minimal parabolic subgroup we choose

kook ok ok
*

B =

*
*
*

The Siegel parabolic subgroup P and the Kingen parabolic subgroup ) are defined as

P= . Q=

* X K K
* X X X
*
*
* X X X




2 LOCAL THEORY 4

(In the global part of this paper we shall switch to the “official” version of GSp(4), where J is
replaced by [ 1 12] .) The Siegel congruence subgroup of level p™ is
—1

0 o0 o0 o

oy 0o o0 o0 o0

Si(p") = GSp(d.0) N | 5 5o o 3)
p* p" o0 o

If (m, V) is a smooth representation of GSp(4, F’), we denote by Vj(n) the space of vectors v € V
for which w(g)v = v for all g € Si(p™).

2.1 The endomorphism p of Vj(n)

Let (7, V) be a smooth representation of GSp(4, L) for which the center acts trivially. For n > 0
let Vp(n) be the subspace of V' consisting of Si(p™) invariant vectors. For v € Vy(n) consider the

summation
1 2oL

) 1
v = Z ( 1 )v. (4)

z€o0/p 1

It is easily checked that v’ is invariant under all elements of the form

o o o p!
p o o o
propt p 0

provided that n > 2. Hence, if we restore the GL(2, 0) invariance on the Siegel Levi, we obtain
a new element of Vj(n). In other words, for n > 2 there is an endomorphism p : Vp(n) — Vo(n)
given by

1 P2ova
A 1
TORNED SED DL { LM I 0
AeSL(2,0)/[p o] #€9/p 1
An explicit formula is
1 =z 1 1 P2ova
1 1 271 1
wy= 3 (| L AR DR S B oo (1)
z,2€0/p 1 1 z€0/p 1
Alternatively,
2 1 1 2w~ !

z,2€0/p 1 z€o0/p 1
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In particular, p has a formula given completely in terms of the unipotent radical of the Siegel
parabolic subgroup. In addition to p we introduce a simple level raising operator 3 : Vy(n) —
Vo(n + 1), given by

1

fv =m( Joo (v e V(). 9)

Trivially, 3 is injective. The following result shows, amongst other things, that the image of
can be characterized in terms of eigenvalues of the p operator.

2.1 Proposition. Let (m,V) be an admissible representation of GSp(4, L) for which the center
acts trivially. Let n > 2. Consider the endomorphism p of Vy(n) defined above.

i) p is diagonalizable.

ii) The only possible eigenvalues of 1 on Vp(n) are 0, q, 2q and q(q + 1).

iii) For v € Vy(n) we have pv = q(q + 1)v if and only if v € B(Vo(n — 1)). Consequently, at
the minimal Siegel level, the only possible eigenvalues of i are 0, ¢ and 2q.

iv) Let v € Vo(n). If pv = qu, then
-1 1 Yy~
1 zw™
Jo#£0, but > . v = 0.

yeo/p x,yco/p 1

v) Let v € Vp(n). If pv = 2qu, then

1 yw ! 1 zw ! yw !
1 1 row!
Z m( 1 Jv#0, but Z 7( 1 Jv = 0.
yEo/p 1 z,y€a/p 1

vi) Let v € Vp(n). We have pv = 0 if and only if

1 Yyw

1
> ) Jv=0.

y€Eo/p 1

Proof: i) Let (, ) be an inner product on V invariant under the compact subgroup
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It is immediate from (8) that (uv,v') = (v, uwv’) for v,v" € Vy(n). Hence, p is self-adjoint and
therefore diagonalizable.

ii), iii) It is obvious that uv = ¢(q + 1)v for v € F(Vo(n — 1)). We will now prove ii) and the
other direction of iii). Assume that v € Vy(n) and p(v) = cv for some ¢ € C. By (8), this means

1 xzew Pzt 1 2oL
1 2! xzo L 1
cv = Z 7( 1 Ju+ Z 7( 1 ).
x,z€0/p 1 zE€o/p 1

Let v" be defined as in (4). Multiplying the above equation with

1 yoo !
1
1
1
and summing over y € o/p we obtain
1 zzw ! 2?zw!
-1 -1
v = Z ( 1 zwl rEw v+ qu
x,z€0/p 1
Hence
1 zze !
, 1 zo ! zzo! ’
(C - Q)v = Z TI'( 1 )U
z,2€0/p 1
1 xzwo !
1 -1 —1
=qv + Z Z 7( zwl rew W,
z€(a/p)* w€o/p 1

and therefore

1 zww !

1 zow ! zw!
(c=29)0'= > > . W' (10)
z€(0/p)* x€oa/p 1

The vector v already has the invariance (5). If ¢ # 2¢, then we conclude from (10) that v’ is
invariant under
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In this case we get from (10)

1
(c—2q)0 = Z 7( L ozw! '
q q y 1 )
z€(o/p) 1
from which it follows that
1
, 1 zw ! ’
(c—qn' =q ) =l . ). (11)
z€o0/p 1
If in addition ¢ # ¢, we conclude that v’ is invariant under
o o pl p!
p oo ptop!
AL (12)
propt p 0
From the definition (6) we see that pv is invariant under
o o pl p!
o o p ! p!
p"op" o 0

ptop" o 0
Consequently pv = vy for some vy € Vh(n — 1). Hence cv = fvy. If ¢ # 0 it follows that
v € B(Vo(n — 1)), and therefore pv = g(q + 1)v. This proves ii) and iii).
iv) follows from (11).

v) Let pv = 2qv. From (10) we get

1 zw ! 1 zow !
1 zw ! zw! , 1 o1 ,
Z m( 1 Jv = Z m( 1 Ju
x,z€0/p 1 z€o/p 1
If we define
1 zw! 1 zw ! yw !
"o 1 xw ! ;o 1 zw !
Vo= Z 7T( 1 )'U - Z 7T( 1 )U?
z€o/p 1 z,y€o/p 1

this can be rewritten as
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Hence v” is invariant under

1 p!
1
1

But then (13) becomes qv” = v”, which implies v” = 0. This is the assertion.

vi) We have to show that puv = 0 if and only if v' = 0. It is clear from (6) that v' = 0 implies
pv = 0. Assume conversely that pv = 0. As above we conclude that v’ is invariant under all
elements of the form (12). Hence

1 yo !
1 -1 -1
2= Y n( wwl Y=y
z,y€o/p 1
[1 yw ! zw!
1 2wt yw !
- Z m( 1 Jv
z,y,2€0/p I 1
(o1 1 y z| [w
-1
B w 1 =z vy w
= 2. 1 1 Lo
x,y,ZGO/P i 1 1 1
1 Yy 2| |w
1 = vy w

It follows that v' € Vj(n+ 1), and actually, since v" has the invariance (12), that v' € Vp(n). All
we need, however, is the invariance of v' under the GL(2, 0) block in the Siegel Levi. It implies,
by (6), that yv = (¢ + 1)v'. But guv = 0 by assumption, hence v’ = 0. n

Our goal in the following sections is to compute the dimensions of the eigenspaces of p on Vj(2)
for the Iwahori-spherical representations of GSp(4, L).
2.2 Double coset representatives

We start by computing representatives for certain double coset spaces. This will already give
the dimension of V(2) for a number of Iwahori-spherical representations.

2.2 Lemma. For any n > 1, the following is a complete and minimal system of representatives
for GSp(4,0)/Si(p™) (here the residue characteristic of L can be arbitrary).

1
Y ‘/E’ y? < 6 0/pn7 ‘/L" y? z = 0 mOd p? (14)
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1

1 n J—

S92 y oz 1 ) .fC,y,ZEU/p,SU,y_O mOdpa

[z Yy 1
"1 _

1 n

= d
5152 y z 1 ) ZE,y,ZGU/p , L 0 mo pa
[z Y 1]
"1 _
828189 i ) r,y,z€0/p".

[z Yy 1]

In particular, #GSp(4,0)/Si(p") = ¢**3(q + 1)(¢*> + 1).

Proof: See [RS2], Lemma 5.1.1.

2.3 Lemma. i) A complete and minimal system of representatives for the double cosets

B(L)\G(L)/Si(p?) is given by the following 12 elements.

1, 52, 5152, 525152,
1 1 1 1
1 1 1 1
w 1 ’ 1 ’ w 1 ’ w 1
i 1 w 1 w 1 w
M1 1 1
w 1 1 1
1 s2, 1 s2, - 1 5182, X,
i —w 1 w 1 1
where
1
X = 1 u € o\ 0*?
uw 1 ’ ’
w 1

if the residue characteristic of L is odd, and
1
1
X pu—
w w 1
w 1

if the residue characteristic of L is even.

ii) A complete and minimal system of representatives for the double cosets P(L)\G(L)/Si(p?)

is given by the following 7 elements.

1, 592, 525152,
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1 1 1
1 1 1
o 1 ) o 1 ) 1 S92, X
1 w 1 w 1
where
1
X = L u € 0*\ 0*?
—uw 1 ’ ’
w 1

if the residue characteristic of L is odd, and

if the residue characteristic of L is even.

iii) A complete and minimal system of representatives for the double cosets Q(L)\G(L)/Si(p?)
is given by the following 4 elements.

1 1
17 5152,

w 1 w 1

Proof: We first indicate how to check that no two of the 12 elements listed define the same
double coset in B(L)\G(L)/Si(p?). As an example, let us show that

define different double cosets. Thus assume there is an equality bg1k = g2 with b € B(F') and
k € Si(p?). This implies b € B(o). Conjugating this equality with diag(c,,1,1), all elements
remain in GSp(4,0). Reducing the new identity mod p, we obtain a matrix identity over the
residue field of the form

* ok 1 %k 1

It is easy to see that this is impossible. Other cases are treated similarly, with only slight
modifications. — We now show that every double coset in B(L)\G(L)/Si(p?) is represented by
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one of the 12 elements listed. By Lemma 2.2, the cosets GSp(4, 0)/Si(p?) are represented by

o -
1
yo w1 |0 BYEED (18)
| T yw 1]
- 1 -
59 L z,y €o/p, 2 €o/p? (19)
yow 2z 1 ’ ’ ’ ’
T yw 1]
[ 1
1 2
sis2 g | z €ofp, Y,z €0/p7, (20)
Ty 1
1
525182 1 r,y,2 € o/p2. (21)
y 2z 1 ’ T
Yy 1

Elements of type (21) are obviously all equivalent to sas1s2 in B(L)\G(L)/Si(p?). Elements of
type (20) are equivalent to

5152 = 5152,
xrw 1 1

and hence, since we can conjugate by diagonal matrices with units on the diagonal, to one of
the 12 elements listed. Elements of type (19) are equivalent to

1 1
1 |yw 1
2 | yw 1 |- 1 52
Tw Yyw 1 T —yw 1

and therefore, after conjugation with suitable unit diagonal matrices, to so or

1 1 1
w 1 1 w 1
1 S9 or 1 59 or 1 S92
—w 1 w 1 w —w 1
The last two matrices are actually equivalent because of the relation
1 1 1 11 1
1 w1 1 1 w 1
1 1|2 1 -1| 1 52: (22)

1 w 1 1 w —w 1
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Hence, each matrix of type (19) is equivalent to one of the 12 elements listed. Finally, we have
to deal with matrices of type (18). First assume that x = 0. In this case, a matrix of type (18)
is equivalent to

1 1 1

1
w 1 w 1 w w 1
w

1 w 1 1

If the residue characteristic is odd, and only then, are the last two matrices equivalent, because
of the identity

1 1
1 -1 1 1L 1
1 1 1 1
1 % w 1 1 —% C|lm w1 ’ (23)
1 w 1 1 w 1

This shows that a matrix of type (18) with = 0 is equivalent to one of the 12 elements listed.
Now consider a matrix of type (18) with = ¢ p. After a conjugation with a suitable unit diagonal
matrix we can bring it into the form

1 1
1 or 1
w zw 1 zw 1
w W 1 w 1
with z € o/p. Since
11 1 1 -1 1
1 1 1 B 1
1 -1 |@ 2w 1 1 1| (z—1w 1 ’
1 w w 1 1 w 1

we may actually assume it is of the second form. If z = 0, this matrix is in our list. Assume
that z is a unit. Conjugation with diagonal matrices allows us to multiply z by an element of
0*2. If the residue characteristic of L is odd, then (0* : 0*2) = 2, and we may assume z = 1
or z = u. Hence the proof is complete in this case. If the residue characteristic is even, then
0% = 0”*2(1 +p). The identity

1 1 1 1
—b b
1 1+bzw 1 L+ bzw 1+bzw — 1
1 zw 1 Hﬁ zow(l+bzw) 1
1 1 1 1

shows that we are allowed to multiply z by elements of 1 + p. We may therefore assume z = 1,
and the proof is complete.

ii) Using the same method as in i), it is easy to check that no two of the 7 elements listed define
the same double coset in P(L)\G(L)/Si(p?). It remains to show that each of the 12 elements in
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i) defines the same double coset in P(L)\G(L)/Si(p?) as one of the 7 elements in ii). Since we
are now able to multiply from the left by s1, this is easy to see for most of the elements in i);
in the following we shall only treat the non-obvious cases. If the residue characteristic of L is
even, then the identity

1 1 1 1

1
1 w w 1 1 w 1
-1 1 w 1 11 — 1

shows that the element X in i) is equivalent to the element X in ii); see the end of the proof of
i). Now assume that the residue characteristic of L is odd. First assume that —1 € 0*2. Let

v € 0% with v?2 = —1, and let A = [ Uv }] We have A'A = [1 1], from which it follows that
2 2
1 1
A 1 At B 1
[ A] w 1 [ A_l] = 1
w 1 w 1

Now assume that —1 ¢ 0*2, and let A = [

follows that
1 1

w 1 w 1

reduce to the two matrices

1 1
1 1
w 1 ’ —uw 1
w 1 w 1
iii) Knowing the result of i), this is an easy exercise. "

As an immediate consequence of this result we obtain the dimension of the space Vy(2) of Si(p?)
invariant vectors in certain induced representations. Let x1, x2 and ¢ be unramified characters
of L™, and let V' be the standard space of the induced representation y1 X x2 X . Then Lemma
2.3 i) implies that dim Vp(2) = 12. Similarly, let x and o be unramified characters of L*, and
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let V' be the standard space of the Siegel induced representation x1gr2) X 0. Then Lemma
2.3 ii) implies that dim V5(2) = 7. Finally, if V is the standard space of the Klingen induced
representation x X olgy,), then Lemma 2.3 iii) implies that dim V((2) = 4. These results will
be refined in Proposition 2.7 below.

2.3 The matrix of p at level p?

In this section we shall compute the eigenvalues of p on the space V(2) for the Iwahori-spherical
representations V' mentioned at the end of the previous section.

Let us denote the elements from Lemma 2.3 i) by g1,...,912. Now consider an induced rep-
resentation x1 X x2 X o, where Y1, x2,0 are unramified characters of L*. Functions f in the
standard space V of this induced representation have the transformation property

a * * *
i T 9 =1l @ ()0 f o).
C(Z_l

For i = 1,...,12 let f; be the unique Si(p?)-invariant function in V such that f;(g;) = 1 and
fi(gj) =0 for j # 4. Then fi,..., fi2 are a basis of V{(2).

2.4 Lemma. Let notations be as above. If the residue characteristic of L is odd and —1 ¢ 0*2,
then the matrix of the endomorphism p of Vjy(2) with respect to the basis f1, ..., fi2 is given by

[ q(g+1) 0 0 0 0 0 0 0 0 0 0 T
0 2q 0 0 (¢-1)8 0 0 0 0 0 0
0 0 2q 0 0 (I-¢g Ha 0 0 0 0 0
0 0 0 g+l 0 0 0 0 0 (1—g Ha (1-¢~1HB 0
0 ¢*s871 o 0 q? 0 0 0 0 0 0 0
0 0 ¢t 0 0 q? 0 0 g(g-1)p* 0 0 0
0 0 0 0 0 0 2q @ 0 a(q—=1)B~" 0 @
0 0 0 0 0 0 q—1 -1 0 st gPat @
0 0 0 0 0 (¢—1)8 0 0 2q 0 0 0
0 0 0 ¢a~l 0 0 (1-¢Hs 4 0 2g-1 =320 L
0 0 0 ¢! o 0 0 1‘37104 0 0 2¢—1 1—‘{104
| o 0 0 0 0 0 q—1 @ 0 a(qg=2)8~"  ¢Pa! S
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If the residue characteristic of L is odd and —1 € 0*?, then the matrix is given by

[ q(q+1) © 0 0 0 0 0 0 0 0 0o
0 2¢q 0 0 (¢g-1)8 0 0 0 0 0 0
0 0 2q 0 0 (1-¢ Ha 0 0 0 0 0
0 0 0 q+1 0 0 0 0 0 (1—¢gHa (1-¢7HB 0
0 ¢*87t o 0 q? 0 0 0 0 0 0 0
0 0 ¢*a ! 0 0 q? 0 0 q(g—1)8~ 1 0 0 0
0 0 0 0 0 0 2q (=12 0 ql¢-1)B~t 0 ?
0 0 0 0 0 0 g—1 @ 0 a(q=2)8~1  Pa~? @
0 0 0 0 0 (¢—1)3 0 0 2¢q 0 0 0
0 0 0 ¢! 0 0 (1—¢~ 1B %ﬁ 0 2g—1 0 =ip
0 0 0 g3t 0 0 0 =gl 0 0 20-1 =14
| o 0 0 0 0 0 q—1 (=12 0 @61 ot L2l
If the residue characteristic of L is even, then the matrix is given by
_q(q+1) 0 0 0 0 0 0 0 0 0 0 0 i
0 2¢q 0 0 (¢g-1)B 0 0 0 0 0 0 0
0 0 2q 0 0 (1-¢YHa 0 0 0 0 0 0
0 0 0 q+1 0 0 0 0 0 (1—-¢ Ha (1—-q¢ 1 0
0 ¢*p 1 o 0 q? 0 0 0 0 0 0 0
0 0 ¢t 0 0 q° 0 0 q(q—1)B~ 1 0 0 0
0 0 0 0 0 0 g+1  q(g—1) 0 0 0 qg—1
0 0 0 0 0 0 1 > —q+1 0 q(¢—1)3~"  ¢*a? q—2
0 0 0 0 0 (¢=1)B 0 0 2¢q 0 0 0
0 0 0 g¢*a~' 0 0 0 ¢ '(¢g-1)38 0 2g—1 0 (1—-¢~Hp
0 0 0 ¢871 0 0 0 (I-¢ Yo 0 0 2¢—1
0 0 0 0 0 0 1 q(g—2) 0 ¢?p 1 0 2g—1

Here, we abbreviated a = x1(w) and = x2(w).
The proof consists of a long calculation, which we postpone until Sect. 2.5.

Next we treat the case of a Siegel induced representation x1lgr2) X o, where x and o are
unramified characters of L*. Let ¢1,...,g7 be the representatives for the double coset space
P(L)\G(L)/Si(p?) listed in Lemma 2.3 ii). Let f; be the unique Si(p?)-invariant function in the
standard space V' of x1gr,2) X o with fi(g;) = 1 and fi(g;) =0 for j # 4. Then f1,..., f7 are a
basis of Vj(2).

2.5 Lemma. Let notations be as above. The matrix of the endomorphism p of Vy(2) with
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respect to the basis f1,..., f7 is given by

q(g+1) 0 0 0 0 0 0
0 29 0 Zl;/;a 0 0 0
-1
0 0 q+1 0 0 L 0
0 ¢PPat 0 ¢ 0 0 0
2 _1)2
0 0 0 0 (‘I‘;l) q3/2(q o 1)a—1 (¢—1)
0 0 ¢#Pat 0 22%}204 2 — 1 2{}%}2@
2_ _ 2_
I 0 0 0 0 q21 q3/2(q+1)a 1 q21-

if the residue characteristic of L is odd (independent of —1 being a square or not), and by

q(g+1) 0 0 0 0 0 0
0 2 0 gl;/;a 0 0 0
0 0 g+1 0 0 q;j;a 0
0 ¢P2at 0 ¢ 0 0 0
0 0 0 0 q+1 0 ¢? -1
0 0 @Pat 0 0 2¢-1 Zl;/éa
0 0 0 0 1 ¢PPal 2-1

if the residue characteristic of L is even. In both cases we abbreviated o = x(w).

Proof: The calculations are similar, but easier, as in Lemma 2.4. We omit the details except
for one useful matrix identity:

1 %1 1 1 1 %1
1 —3 1 _ 1 1 —3
-1 i |w 1 —w 1 -1 1
1 % w 1 w 1 1 %
Alternatively, the result can be deduced from Lemma 2.4, observing that x1gy,2)x0o — v Y2 x
/% xo. ]

Finally, we treat the case of a Klingen induced representation x x 0lgy,2), where x and o are
unramified characters of L*. Let ¢1,...,g4 be the representatives for the double coset space
P(L)\G(L)/Si(p?) listed in Lemma 2.3 ii). Let f; be the unique Si(p?)-invariant function in the
standard space V' of x1gr2) X o with fi(g;) =1 and f;(g;) = 0 for j # i. Then fi,..., f4 are a
basis of Vp(2).



2 LOCAL THEORY 17

2.6 Lemma. Let notations be as above. The matrix of the endomorphism p of Vy(2) with
respect to the basis fi,..., f4 is given by

dq+1) 0 0 0
0 2¢ (1-¢Yx(=) 0
0 ¢x(@h) ¢ q—1
0 0 q(¢ —1) 2q |

(independent of the residue characteristic).
Proof: Easy calculation. [

2.7 Proposition. The following table lists, for certain induced representations V', the dimen-
sion of the space Vi(2) of Si(p?) invariant vectors, together with the dimensions of the eigenspaces
of the operator pu on Vy(2) with respect to the four possible eigenvalues q(q+ 1), q, 2q and 0.

14 Vo(2) Jale+1)| ¢ 2q 0
X1 X X2 X O 12 4 4 3 1
Xlar) X o 7 3 2 1 1
X X olgr) 4 2 1 1 0

Here, x1, x2, x and ¢ are unramified characters of L*. (This result is independent of the residue
characteristic of L.)

Proof: This follows by determining the eigenvalues of the matrices computed in the previous
lemmas. L]

2.4 Eigenvalues of 1 at level p? for Iwahori-spherical representations

Let (7, V) be a smooth representation of GSp(4, L) for which the center acts trivially. In Sect.
3.2 we introduced the simple level raising operator Vy(n) — Vp(n + 1). We define an additional
level raising operator as : Vo(n) — Vo(n + 2) by

QU = Z 7( [A A’] 1 1 v (v e Wy(n), n>0). (24)
AeSL(2,0)/[p o]

Observe that g skips one level. An explicit formula is

w1 1 =z 1

-1
agv = m( L v+ Z 1 “ v. (25)
z€o/p
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2.8 Lemma. Let (7,V) be an unramified representation of type V or VI. Let vy € V be a
non-zero GSp(4, 0) invariant vector. Then the four vectors

vw, B,  Bu, v (26)
are linearly independent. In particular, dim(V((2)) > 4.

Proof: Let £ be an unramified quadratic character of L™, which may be trivial. Let V' be the
standard space of the representation 1/_1/2§1GL(2) x &v1/2671. Then L(v€, & xv~120), which is
of type Vd if £ is non-trivial and of type VId if £ is trivial, can be realized as a subrepresentation
of V. Hence, it is enough to show that the four vectors (26) are linearly independent when
v € V is the spherical vector. Each one of these four vectors lies in Vj(2). Let fi,..., f7 be the
basis of V;(2) defined before Lemma 2.5. Straightforward calculations show that in this basis
the vectors (26) are given by the columns of the matrix

(1 gé(w)o(w) 7 q(q +1)é(w)
1 o(w) 1 (¢4 1)&(w)
1 ¢ %¥wo(w) q¢? (¢ +1)é(w)
1 g(w)o(w) ¢(w) ql+&(w))
1 ¢(w)o(w) 1 2¢¢(w) +q—1
1 o(w) ¢ E(w) 1+ E(w)
L1 gé(w)o(w) 1 qg+1 l

(1 gé(w)o(w) ¢ q(g+1)&(w) ]
o(w) 1 (¢ +1)é(w)
¢ ¥(@wo(w) ¢ (¢ +1)Ew)

G VT G T Y

@(@o(w)  ¢€(@w) g1 +¢(w))
q¢(w)o (w) 1 (g + 1)&(w)

o(w) ¢ (@)  1+E(w)
L1 g(w)o(w) 1 q(1+&(w))

if the residue characteristic of L is even (only the (5,4) and the (7,4) coefficient are different).
In any case this matrix has rank 4. This proves the lemma. [

2.9 Lemma. Let V' be the standard space of an induced representation xi X Y2 X ¢ with
unramified characters x1, X2 and o such that y1x20% = 1. Let a = x1(w) and 3 = x2(w@).
Then the matrix of the Atkin-Lehner involution us on the 12-dimensional space Vy(2) with
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respect to the basis f1,..., fi2 introduced before Lemma 2.4 is given by
[0 0 0 ¢Galpt 0 0 000 O 0 0]
0 0 qa~ 1B 0 0 0 000 0 0 0
0 q¢lag™t O 0 0 0 00 0 O 0 0
¢ 3ap 0 0 0 0 0 000 0 0 0
0 0 0 0 0 0 000 0 ¢*to
0 0 0 0 0 0 00 0¢st 0 O
0 0 0 0 0 0 1 00 0 0 0
0 0 0 0 0 0 01 0 0 0 0
0 0 0 0 0 0 00 1 0 0 0
0 0 0 0 0 ¢'50 0 0 O 0 0
0 0 0 0 g% 0 000 0 0 0
0 0 0 0 0 0 000 O 0 1

Let V' be the standard space of an induced representation X1 (2) X o with unramified characters
x and o such that x20? = 1. Let a = x(w). Then the matrix of the Atkin-Lehner involution us
on the 7-dimensional space V(2) with respect to the basis f1,..., f7 introduced before Lemma
2.5 is given by

T 0 0 @Fa2 0 0 0 0]
0 1 0 0 0 0 0
¢ 32 0 0 0 0 0 0
0O 0 0 0 0 ¢Pat 0
0 0 0 0 1 0 0
0 0 0 q¢g32 0 0 0
L0 0 0 0 0 0 1)

Let V' be the standard space of an induced representation x X o 1ggp(2) with unramified characters
x and o such that xo? = 1. Let a = x(w). Then the matrix of the Atkin-Lehner involution us
on the 4-dimensional space V(2) with respect to the basis f1,..., f4 introduced before Lemma
2.6 is given by

0 Pa”l 00
g2 0 00
0 0 10
0 0 01

(These results are independent of the residue characteristic.)

Proof: These are easy calculations. [

2.10 Lemma. Let (m,V) be an Iwahori-spherical, irreducible, admissible representation of
GSp(4, L) with trivial central character. Then the space Vj(2) consists not exclusively of g-
eigenvectors, and also not exclusively of 2q-eigenvectors, for the p operator.

Proof: We can realize V as a subspace of the standard space W of an induced representation
of the form 1 X x2 X o with x1, x2 and ¢ unramified characters of L*. Let i = ¢q or ¢ = 2q.
Let V5(2); be the i-eigenspace for u on V(2), and let Wy(2); be the i-eigenspace for p on Wy(2).
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Evidently, V5(2); C Wy(2);. Now assume that V5(2) = Vp(2);. Since Vj(2) is Atkin-Lehner
invariant, this implies that there exists a w € Wy(2); which is an Atkin—Lehner eigenvector.
Then w € Wy(2); NugWy(2);. But a calculation using the matrices from Lemma 2.4 and Lemma
2.9 shows that

Wo(2); NugWy(2); = 0.

This contradiction proves the lemma. [

2.11 Theorem. Table 1 below lists for n = 0,1,2 the dimensions of the spaces Vp(n) of vec-
tors invariant under the groups Si(p™) for each Iwahori-spherical, irreducible, admissible rep-
resentation (mw, V') of GSp(4, L) with trivial central character. The signs under each dimension
indicate Atkin-Lehner eigenvalues.! In addition, the last four columns show the dimensions of
the eigenspaces of the p operator on the space Vy(2) for each of the four possible eigenvalues
q(qg+1), g, 2q and 0.

Proof: The dimensions and Atkin-Lehner eigenvalues for V{(0) and V;(1) have been recorded
in [Schl], Sect. 1.3, and [RS2], Table A.15. In this proof we shall be concerned with the V{(2)
column. The dimensions for groups I, IIb and IIIb follows immediately from Proposition 2.7.
The dimensions of the Atkin—Lehner eigenspaces for these representations can be determined
from the matrices occurring in Lemma 2.9. The entries for IIa and Illa are then obtained by
subtracting the numbers for IIb resp. IIIb from the numbers for the full induced representation
in which they occur. Similarly, the u-eigenvalues for group IV are easily obtained from the way
the full induced representation v x v x v=3/2¢ decomposes (see [RS2], (2.9)), since the numbers
for the trivial representation are obvious.

By Lemma 2.8, the dimension of V{(2) for the representation of type VId is at least 4. On the
other hand, VIc+ VId = 17x X 01ggp(2), and the dimensions for this induced representation are
given in Proposition 2.7. This explains the VIc and the VId row. The rest of group VI follows
from the way the full induced representation v x 1;x x v~ /25 decomposes; see [RS2], (2.11).

In the rest of this proof we shall explain the dimensions and eigenvalues at level p? for group
V. First of all, the multiplicity of the eigenvalue ¢(q + 1) in each case equals the dimension
of V5(1), by Proposition 2.1 iii). Second, observe that the dimensions and eigenvalues for Vb
and Vc coincide, since these two representations differ by an unramified, quadratic twist. Since
the kernel of y on the Si(p?)-space of the full induced representation is only one-dimensional
by Proposition 2.7, it follows that Vb and Vc must have a zero entry in the last column.
But Vb + Vd = v/2%¢ lape) % ¢v~1/25, and the eigenvalues for this degenerate principal series
representation are given in Proposition 2.7. It follows that Vd has a 1 in the last column, from
which it follows in turn that Va has a 0 in the last column.

Next, we shall prove that the total Si(p?) dimension for Vb is > 3 by realizing Vb as a subrepre-
sentation of v1/2¢ lap2) @ Ev1/2 (we may assume o = 1) and applying enough linear operators

!The Atkin-Lehner eigenvalues listed in this table are correct if one assumes that
o in group II, where the central character is x2o2, the character o is trivial.
e in groups IV, V and VI, where the central character is o2, the character ¢ itself is trivial.

If these assumptions are not met, then one has to interchange the plus and minus signs in the Vo(1) column.
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Table 1: Eigenvalues of 4 on level p? vectors in Iwahori-spherical representations

. Vo(2)
representation Vo(0) | Vo(1) | Vo(2)
q(g+1)| 4 2q 0
I X1 X x2 X o (irreducible) 1 4 12 4 4 3 1
+ ++—— +: 8
—: 4
a XStGL(Q)XIU 0 1 ) 1 2 2 0
- +++
II —
b XlaLe) X 0 1 3 7 302 1|1
+ ++- ++++
+77
a XNUStGSp(Q) 0 2 8 2 3 2 1
+- ++++
111 i
b X % olgsp(a) 1 2 4 2 | 1| 1] 0
+ +- +++—
a UStGSp(4) 0 0 2 0 1 1 0
+7
b L(v?, v oStgsp(a) 0 2 6 2 | 2| 1]1
+- ++++
Y% —
c| L3Stgre),v3?0) 0 1 3 1 [ 1]11]0
d UlGSp(4) 1 1 1 1 0 0 0
+ + +
a 5([€, ve€],v1%0) 0 0 2 0 1 1 0
+_
b| L(vY/%Star ), v10) 0 1 3 1 1 1[0
\V + ++-
¢ | L2€Star ), &v~1%0) 0 1 3 1 [ 1]11]o0
d L(v€, € xv=120) 1 2 4 2 [ 1] 0] 1
+ +— +++—
a 7(8,v1%0) 0 1 5 1 2] 210
- T
b (T, v=1%0) 0 1 3 1|10 |1
VI + ++-
c| LY?Stgre),v ?0) 0 0 0 0ol 0] 01O
d L(v,1p x v~120) 1 2 4 2 |1 | 1] 0
+ +— +++—
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to the essentially unique Si(p)-invariant vector in the subspace realizing Vb. The only problem
is to identify this Si(p)-invariant vector h, but this problem was solved in [Sch2]. In the basis
fi, ... fr introduced before Lemma 2.5 it is given by the transpose of

(@ +1),1-q)q,q+1,-¢*(¢+ 1), —¢*(¢+ 1), 1 — q)a, —¢*(g + 1)).

A computation using Lemmas 2.5 and 2.9 shows that h, ,U]L and ush are linearly independent.
Hence the Si(p?) dimensions for Vb and Vc are at least three. Since V1/2§1GL(2) X Evl2 =
Vb + Vd, it follows from Proposition 2.7 that they are exactly three, and that the dimension for

VId is 4. Again from Proposition 2.7 it follows that the Si(p?) dimension for Va is 2.

Combining the latter fact with Lemma 2.10 shows that Va has one ¢-eigenvector and one 2¢-
eigenvector. Hence we are done with Va. The representation Vb cannot have 2 linearly inde-
pendent g-eigenvectors, since the same would then be true for Ve, and the total ¢-dimensions
in group V would exceed 4. For the same reason Vb cannot have two linearly independent
2q-eigenvectors. It follows that the ¢g-dimensions and the 2¢-dimensions for Vb,c are 1. This
finally implies that Vd has one g-eigenvector but no 2¢-eigenvector.

The Atkin-Lehner eigenvalues for group V and level p? are now easily computed in the induced
models, since, as explained above, the spaces of Si(p?)-vectors in appropriate subrepresentations
are explicitly known (at least for Vb,c,d; the Atkin-Lehner eigenvalues for Va are then obtained
by subtracting). n

2.5 Proof of Lemma 2.4

2.12 Lemma. Using the notations explained before Lemma 2.4, we have, for any f in V;(2),
the following formulas in the case of odd residue characteristic.

i)

1 1
> ot IR
z€le/p) w z 1 1
1
= flon) + T o) + L fe) - £
w 1
i)
1
1 _3 -2
DI 1 | s2sis2) = a P xa@)xe(@)f(g7) + 4 xa (@) f(g10)
ZGU/IJ -1 -1 1
w w
1
+ q_3X1(w)X2(w)q;71(f(98) + f(912)) — a *x1 (@) x2(w) f( _1w LD
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In the case of even residue characteristic, one has to replace gi12 and the matrix occurring on
the right side of each formula by gg, and replace g7 by gio.

Proof: We shall restrict to the case of odd residue characteristic; the even case is treated
similarly.

i) For z ¢ 1 + p we use the identity

1 1
—z 1 1
1 —z w1
w z 1 1
1 1 1 1 -1
1 1—=2 1 —z 1
T 11—z 1 -1 —wz"l 1 1 1|’
1—2z2| |@ 1 z 1

1 1 1 -1 1 i i
-1 1 1 B 1 1 -1 1
1 - 1 - -1 -1 |w 1 -1 1
w 11 1 — w 1 -1 -1
We obtain
1 1
—z 1 1
Z f( 1 _zflw 1 )
z€(0/p)* . 1 1
1 1
1 1
2 1 PR D R | RN )
z€(o/p)*
N !
1 1
— e+ Y S ! —r| ! )
= 197 § —wz 1 1 —w 1
z€(o/p) w 1 w 1
1
_ q—1 q—1 B 1
—f(97)+Tf(98)+Tf(912) f( o 1 )-
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ii) Using the identities

1 w W —1 1 1
1 —w 1 1 —1
wl ol 1 525152 —wo ! ol |lw w1 —1
w ! 1 w1 w 1 1
(27)
and (23), the term for z = 0 equals ¢ 3x1(@)x2(@)f(g7). Using the identity
1 —w —1 1 1 —1
1 1 1 -1 1
ol @l 1 | 522 -1 ! 1|2 1|
ot =l 1 ot |w 1 11
the term for z = 1 equals ¢~ “x1(w) f(g10). For z ¢ p and z ¢ 1 + p we use the identity
1
1
ol o1 1 525152
2ol @l 1
w —w Zil -1 1 271
wz — 1 I
— z—1 z—1 z—1
—w ! —w ! (z—1Dw 1 11
—w iz |w 1 -1 -zt
and the assertion follows easily. [
Proof of Lemma 2.4. The (i, j)-entry of the matrix of p on V(2) is given by
1 =z 1 1 zw~!
1 1 zw! 1
x,z€0/p 1 1 zE€o0/p 1

The of these numbers is easy to compute. For example, it is immediate that

(nf)(1) = q(g+1)f(1)

for any f, giving the first row of the matrix. The main tool for the remaining cases is the matrix

S e

The most difficult cases are (11f)(gs) and (pf)(g12), which are treated similarly. As an example,
we shall compute (uf)(gs) = A + B, where

1 1 =z 1

Z f( w 1 1 —=z 1 )
vE€ofp | 1 1 1
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and
1 1 2oL

1 1
B=Y f(| _ . ).
SV 1 1

We shall carry out the calculations only in the case of odd residue characteristic; the even case
requires slight modifications, but uses the same matrix identities. We begin by calculating B,
which is easier. If z ¢ —1 + p, then

— 1 1
1 1 P 1 20 1
1 1 3 1 1
w 1 1 o 1 w 1 ’
w 1 1 z+1 Z'J% 1
while if z = —1, then
1 1 P2ovan —w ! -17[1
1 1 B 1 1 . os
w 1 1 - 1 w 1 17221
w 1 1 —w 1

It follows easily from these identities that

B =¢*x1(@) " flgn) + %f(gs) + %f(gm)-

Next we compute

1 1 1
1 1 1 zw !
A= Z I wr wz? 1 w 1 1 )-
z.z€o/p w  wT 1 1 1

It is necessary to distinguish two cases.
Case I: —1 ¢ (0/p)?

We write A = A; + Ay, where A1 = ZZEO/p"' and Ay = che(o/p)x Zzeo/p"" It is not hard
to compute that

Ay = qx2(@) " flg10) + qgilf(gs) + %f(gu)‘

To compute Ao, we use the matrix identity

1 1 1 1
-1 -1
1 1 1 zw™! _ Zr
wr wr? 1 w 1 1 1l
w  wT 1 1 1 1

1422
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1 1 1
—w 1 22 1 22(z(1+2?) +)w! —z(1 + 2?)
S9 -1
1 1 —x
w w 1 2 1 1+ 22

If 2 runs through o/p, then 22(2(1 + %) + 1) does as well. Hence

1 1
_ —w 1 1 2w !
Ay = qxa(w)™" ) ) > I 1 52 1 ) (29)
z€(o/p)* z€0/p = = 1 1
The matrix identity
1 1 -1 1 1 1
—w 1 1 w -1 1 1 1
1 - 1 1 1 (30)
w w 1 1 w 1 1
shows that
1 1
Ay = qxa(w) ™ f(g10) + axa(@) ™ (et L 52)
1 20 1
z€(o/p)* x,2€(0/p)* = e 1 1
= q(q — Dxa(@) " f(g10)
1 1 1
_ 1 —z71 1 2!
+qxa(w@) ! Z I “ 1 T US| 52 ‘ 1w 52)
mele/ 1 1 1
1 1
— glg—Dxe(@) Flg0) + (a—1) S f(| 7! ! )
. 1 —2z w1 :
2€(o/p) w z 1 1
By Lemma 2.12 we get
—1 q—1 qg—1
Az = q(qg — 1)x2(@) " f(g10) + (¢ — 1) (f(g7) + ?f(gs) + Tf(glz) — f(g12))
Adding A; and As, it follows that
-1 _ —2)(g—1
A= (- D f(an) + Y fg0) + o) Fl) + 2 g,
Adding A and B, we get
¢ - 2 1 2 1 - )2
(nf)(gs) = (¢ —1)f(g7) + f(g8) + a“x2(@) ™" f(910) + ¢“x1(@) ™" f(g11) + f(g12).

2 2
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This gives the eigth row in our matrix for the case that —1 ¢ (o/p)>.
Case II: —1 € (0/p)?

Let 2p € 0 such that x% = —1. We have A = A; + Ay with

1 1 1
1 1 1 zw !
A= Z I wr wr? 1 w 1 1 )-
Zieiom/f w WX 1 1 1
and
1 1
1 1 zow !
zeo/p w W 1 1

Up to the point (29), the calculation of A; proceeds like the calculation of A in Case I. We get
Ay = A + Ajg with

1 1

An = g(@) ™t > f( ! ! $2)

1 2wl 1

z€o0/p o 1 1
and
1 1
_ w 1 1
Arz = gqxa(@)”! Z Z f( 1 ol 1 $2)-

ng;o:@)ox z€o0/p o o 1 1

Hence Ai; coincides with the previous A;, and Ajs is g times the previous As. Thus

Ary = gxa(@) ™ flgw) + Lo Fls) + L5 fgro)

and
Apy = Z:i’ (q(q — Dxz(@) " flg10) + (¢ — D) (fg7) + q;;f(gs;) + q;ilf(gn) - f(gs)))

Note that the last term, which comes from Lemma 2.12, is f(gg) and not f(g12), since —1 is
now a square. Combining we get

2 _ _ —
A= (0= 30 + T2 1) 1 glg - 2@ flgro) + TN i)
Finally,
1 1
zw 1
Ay =2 )" f( - ! 1 ! 1 )
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We use the identity

1 1
1 1 2w !
w 1 1
w W 1 1
1 -1 1 1 1
B 1 241 zw ! 2wl 1 —z 1
241 1 1 —w 1 1 -1
z+1 w 1 z 1
for z ¢ —1+p, and
1 1 1 1 1
1 1 —w! _ 1 —w! 1 11
w 1 1 o 1 w 1 1
w W 1 1 1 w 1 -1 1

for z = —1, and get
Az =2f(g7) +2(q — 1) f(gs)-

Adding A; and Ag gives
¢ —q+4

5 F98) +ala—2)xa(@) " fg10) +

A=(q-1)f(g97) +
Adding A and B, we get

¢>+3 (g—1)?

(1f)(gs) = (a=1)f(g7)+"— f(g8)+a(g—2)x2(@) " fg10)+a*x1 (@) ' fg11)+ 5

f(g12).

This gives the eigth row of our matrix in the second case. — Another complicated case, and the
last one we shall treat in this proof, is (uf)(g10) = A + B with

1 1 =z 1
1 1 1 zw!
A= J( R 1 —z 1 )
z,z€0/p 1 1 1
1 1 P
1 1
zE€o/p - 1 1

We write A as A1 + As, where A1 = Ezeo/p ...and Ay = er(o/p)x Ezeo/p .... Straightforward
calculations using only (28) show that

B =¢*x1(@) " f(ga) + (¢ — 1) f(g10)
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and
A1 = f(g10) + q*m(@)%f(gs) + q*m(@)%f(glz)

(again assuming odd residue characteristic; in the even case replace gi2 by gg). In order to
compute As we use the identity

1 1 =« 1 —r gl Tl T
1 1 1 zw ! _ —x
1| 1 —z 1 - |
w 1 1 1 T
1 -1
1 —z~b -1
- w gt w1 1 525152 1
wl(z+272) wlz? 1 -zt 1
It shows that
1
_ 1
Ay =¢*(g—Dxa(@) ™ D S o1l o1 1 $25152).
=Co/p 2wl L 1
By Lemma 2.12 ii),
| -1 (q - 1)2
As =q (¢ —1)x2(@)f(g7) + (¢ — 1) f(g10) + ¢ 5 x2(@)(f(g8) + f(g12))
1
. 1
—q (¢ — Dxz(w) f( o1 |
w 1
Hence, in Case I (i.e., —1 ¢ o/p)Q),
—_—— (g —1)?
A =q (¢ —Dxa(®)f(g7) + (¢ —1)f(g10) + ¢ 5 x2(@)f(gs)
—1
g (¢g—1)(¢g—3
+ ( ) )Xz(W)f(gu),

2

and in Case 1II,

g qg—1)(qg—3)
2

Ay =q g — Dxa(®@) fg7) + (g — 1) f(g10) + x2(@)f(gs)

Therefore, in Case I,

o) as) +af (o) + L= D=

A=q g 1)x2(=)f(g7) + x2(@) f(912),
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and in Case 1II,

g qg—1)(qg—2) q—1

A=q " (qg—1)x2(@)f(g7) + 5 x2(@) f(gs) + af(g10) + 5 x2(@) f(g12)-

Adding A and B, we get in Case 1

(1f)(g10) = @*x1(@) " f(ga) + ¢ (g — 1)x2(@) f(g7)

+4 ; 1X2(w)f(98) + (2¢ — 1) f(g10) + ct _21)(q — 2)X2(W)f(912),
and in Case 11
(1f)(g10) = a*x1(w) " f(94) +q~ ' (a = Dxa(@) f(g7)
+ it _;)(q - 2)X2(w)f(98) + (20— 1)f(g10) + g 1X2(W)f(912)-
This gives the tenth row of our matrix. .

3 Global theory

For the global theory of Siegel modular forms it is more convenient to work with the “official”
version of G = GSp(4) instead of the one defined in (2). Hence, from now on we shall use

GSp(4) = {g € GL(4) : tg[_h 12]9 = A(9) [_12 12] for some scalar A(g)}. (31)

An isomorphism between this group and the one defined in (2) is provided by switching the first
two rows and the first two columns, i.e., by conjugation with the matrix

1

1

The minimal parabolic subgroup B, the Siegel parabolic subgroup P and the Klingen parabolic
subgroup @ then take the following shapes,

* x % x ok k% * %
B _ kook ok ok : P _ EOTE S , Q _ koo ok ok
% % * x ok
x ok x ok *
For a positive integer N we define as usual
Z 7 7 7
Z 7 7 7Z
N7 NZ 7 Z
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3.1 Modular forms

Let Hy be the Siegel upper half plane of degree 2, i.e.,

Hy = { [; f,} , 7,2,7 €C, im(r) > 0,im(7') > 0, im(r)im(+') — im(2)? > 0}.
The group G(R)™ = {g € GSp(4,R) : A(g) > 0} acts on Hs by linear fractional transformations
Z v g(Z) = (AZ + B)(CZ + D)™}, g= [ég] € G(R)".
We define the usual modular factor
jlg,Z) = det(CZ + D) for Z € Hy and g = [ég] € GR)™".
Let k be a positive integer. The weight-k slash operator |,, or simply |, defines an action of

G(R)* on functions F : Hy — C via the formula
(Fl9)(Z) = XMg)*i(g, 2) " F(9(2)) for g € G(R)*.

Note that there are different normalizations for the slash operator in the literature; our choice of
factor A(g)* = det(g)*/? ensures that the center of G(R)" acts trivially. Let I be a congruence
subgroup of Sp(4,Q). A modular form (always of degree 2) of weight k with respect to I' is a
holomorphic function F' on Hs such that F "y = F for all v € I'. We denote the space of such
modular forms by M (T"), and the subspace of cusp forms by Si(I'). An element F' € My (T'g(N))
has a Fourier expansion of the form
F(Z) _ Z C(T)e2mtr(TZ),
T
n r/2

/2 m } with integers

where T' runs over positive semidefinite symmetric matrices of the form [

n,r,m. If we write ¢(n,r,m) for ¢(T) and (1,2,7') for Z = [ZTZ,] € Hy, then the Fourier

expansion reads
N /
F(r,z,7) = E c(n,r, m)ezm(m+m+m7 ).
n,r,m>0

It can be rewritten in the form of a Fourier-Jacobi expansion
o0
F(r,z,7) = Z fn (7, )€™ (32)
m=0

where fn(7,2) = Y, c(n,7,m)e?™("7+2) is a Jacobi form of index m with respect to a congru-
ence subgroup of the full Jacobi modular group. Later we will require the following symmetry
properties of Fourier coefficients.

o(T) = det(A)*c(tATA) (A € SL(2,7)) (
c(n,r,m) = (=1)*¢(m,r,n) (

c(n,r,m) = c(n, 7+ 2 n, m + Ar + \2n) (AeZ) (35
c(n,r,m) = c¢(n + X+ N2m, r + 2\m, m) (AeZ) (
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Modular forms as functions on the adele group

Let A be the ring of adeles of the number field Q. Let N = [[p"™ be the prime decomposition
of the positive integer N. For each prime number p let

0 0

Kp = Sl(pnp) = Gsp(4, Zp) N |:pnp 0

[

the local Siegel congruence subgroup of level p"». Note that K, = GSp(4,Z,) for almost all p.
Then K =] K, is an open subgroup of GSp(4,A ), and

To(N) = GSp(4,Q)* N K. (37)

Strong approximation for Sp(4) implies that G(A) = G(Q)G(R)" K. This allows us to attach to
a given F' € My (T'g(N)) an adelic function ® : G(A) — C in the following way. Decomposing a
given g € G(A) as g = phr with p € G(Q), h € G(R)" and k € K, we define

d(g) = (F’kh)(l), g = phx with p € G(Q), h € G(R)t, k € K. (38)

Here [ is the element [S ?] of Hy. In view of (37), the function ® is well-defined. It has the

invariance properties
O(pgrz) = @(g) forall g € G(A), p e G(Q), k € K, z € Z(A),

where Z is the center of GSp(4). In fact, ® is an automorphic form on PGSp(4,A). One can
show that ® is a cuspidal automorphic form if and only if F' € Si(T'o(N)). Assuming this is
the case, we consider the cuspidal automorphic representation m = mp generated by ®. This
representation may not be irreducible, but it always decomposes as a finite direct sum 7= = ®;m;
with irreducible, cuspidal, automorphic representations ;.

3.2 Definition and basic properties of 1,

In this section we shall introduce a linear operator p, on My(To(N)), p?| N, which is analogous,
and in fact compatible, with the local p operator defined in Sect. 2.1. Let F' € My (I'o(N)) and
p be a prime number with p?|N. We consider the summation

1

1 —1
F'= Y F| upl (39)
u€Z/pZ 1
It is easily checked that this function is invariant under the group

7 7 7 Z
7 7 7 p 'z
SN\ Nz 7z
NZ NZ pZ 7

(40)
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If we restore the invariance under elements [ ¢ A- , A € SL(2,Z), we obtain a new element of
M (To(N)). Therefore, we let )
[1
D D S | B | L (a1)
Ae[ZPE]\s1(2,2) vEL/PE 1

This defines an endomorphism g, of My (I'g(N)) and, via restriction, an endomorphism g, of
Sk(To(N)). An explicit formula is

1 up? 1 1
1 t 1 1 up™?!
wF= 3 F| . Lot F . L (42)
t,u€Z/pZ 1 1 u€Z/pL 1
Alternatively,
1 up™!  tup! 1
1 tup~! tPup! 1 up™?!
wF= > F| . + Y F . . (43)
t,u€Z/pZ 1 u€EL/PL 1

In particular, p, has a definition in terms of elements of the unipotent radical of the Siegel
parabolic subgroup.

3.1 Proposition. Let N be a positive integer and p a prime number with p?|N.
i) The endomorphism p, of My(I'o(N)) is diagonalizable.

ii) The only possible eigenvalues of j1, on My(I'o(N)) are p(p + 1), 2p, p and 0. Hence
M(To(N)) = My(Lo(N))pp+1) & Mi(Lo(N))2p & Mi(Lo(N))p & Mg(Lo(N))o.  (44)

Here, My(I'g(N)); denotes the i-eigenspace of p, on My, (I'o(N)). A similar decomposition
holds for cusp forms,

Sk(To(N)) = Sk(Lo(N))pp+1) ® Sk (Lo(IV))2p & Sk(Lo(N))p & Sk(To(N))o- (45)
This decomposition is orthogonal with respect to the Petersson inner product.
For the following statements let F' € M(I'o(N)).
iii) We have F' € My(L'o(N))p(p+1) if and only if F' is invariant under the group
1 p~ 7 p'Z

1 p'Z p'Z

Sp(4,Q) N ) (46)

1



3 GLOBAL THEORY 34

iv) If F € M(To(N))ap, then

1 tp~t
1 tp~ ! up?
> F ) =0. (47)
t,uE€Z/pZ 1
v) If F € My(T'o(N))p, then
1 sp~!
-1
S P L . b -} (48)
S, WEL/PZL 1
vi) We have p,F' = 0 if and only if
1
-1
S P 1 . R ) (49)
u€Z/pZ 1

Vﬁ) If (47) holds, then F' € Mk(ro(N))Qp 37, Mk(FQ(N))O
V111) If (48) holds, then F' € Mk(ro(N))p ® Mk(ro(N))o

Proof: The proofs of i) through vi) are very similar to the proofs of the analogous local state-
ments in Proposition 2.1. However, for the sake of clarity we shall repeat them.

i) Starting from any inner product on My(I'g(N)), we can, by summation, easily construct, an
inner product that is invariant under the group

1 p 7 p~'Z
1 p 'z p 'z
Sp(4,Q) N P

1

Using (43), it is easily checked that p, is self-adjoint with respect to this inner product. There-
fore, p, is diagonalizable. (On Si(I'o(/V)) we could have used the Petersson inner product.)

We will now prove ii), iii), iv) and v). Assume that p,F = cF for some ¢ € C. Let F’ be defined
as in (39). From (43) we get

! up_ll 752up_11
1 tup™ tfup™
r_
cF—F'= > F| ]

t,u€Z/pZ 1



3 GLOBAL THEORY 35

Applying the summation that defines I’ to both sides of this equation, we get

1 up~t  tup
-1
(c=p)F'= > F| : tu}i ’

t,uEZ/pZ

-1

and hence
1 up~ - tp

-1
(c=2p)F' = > > F| 1 tpl . (50)

teZ/pZ uwe(Z/pZ)*

1
If we abbreviate
1 tp~!
1 tp~t up?!
".__
= Z F’ 1 ’
t,u€Z/pZ
1
this can be written as
1 sp~t
c—omF= Y | 1 _F, (51)
SEL/PZ 1

If ¢ = 2p, then it follows that F” is invariant under

Hence the right side of (51) equals (p — 1)F”. It follows that F” = 0 if ¢ = 2p. This proves iv).
Now assume that ¢ # 2p. Then it follows from (50) that F” is invariant under

1 p 17
1 p 'z
Sp(4,Q) N "
1
and hence, again from (50),
1 up™!
1
’ /
(c—2p)F' =p > F| .
u€(Z/pl)*
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Adding pF’ to both sides, we get

(c=p)F'=p Y F| . : (52)

u€EL/PL

For ¢ = p this proves v). Assume that ¢ # 2p and ¢ # p. Then it follows from (52) that F’ is

invariant under

1 p~ 7 p'Z
1 p'Z p'Z

Sp(4,Q) N X (53)

1

By (41), the same is then true for p,F' = cF. If ¢ # 0, it follows that F' is invariant under the
group (53). But in this case p,F' = p(p + 1)F' by (43). This proves ii) and iii).

vi) It is clear from the definition of p, that (49) implies p,F’ = 0. Assume conversely that
ppF = 0. Let F' be as in (39). We just proved that I’ is invariant under the group (53).
Consequently,

1 sp~t tp! 1 sp~t tp~t
1 tp~! 1 tp~ b up?t
2 ' _
PE= ) F A = 2 7 .
StEL/PL 1 st u€L/pZ 1

This last expression is clearly invariant under [A ¢ A‘l] with A € SL(2,Z). By (41), p,F =
(p+1)F'. Thus p,F = 0 implies F’ = 0, as asserted.

vii) Write F' = Fj,(,11) + Fop + Fp + Fy with F; in the i-eigenspace of p,. Applying

-1

1 tp~ b up~
S 1

st uEL/pZ

to both sides, it follows by iii), iv) and v) that Fj,,,1) = 0. It is therefore enough to show that
if e Mp(I'o(N)), and (47) holds, then F' = 0. The condition (47) means that the function
F" occurring in (51) is zero. With ¢ = p in (51) it follows that F/ = 0. Hence F' is in the
p-eigenspace and in the kernel of p,, and therefore zero.

viii) For the proof of the last statement we shall use Lemma 3.5 below (which will follow from
Fourier coefficient considerations). Again, write F' = Fp(p+1) + Fy, + F), + Fp with F; in the
i-eigenspace of ji,. As in the proof of vii) we conclude that F,;41) = 0. It is therefore enough
to show that if F' € My(I'g(IN))2, and (48) holds, then F' = 0. This is the statement of Lemma
3.5. [
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The operator i, defined by (41) and the local operator p defined by (6) are compatible, in the
following sense. Let p?|N and F € S(Tg(N)), and assume that the associated adelic function
® defined in (38) generates an irreducible, cuspidal, automorphic representation 7 of GSp(4, A).
We can write m as a restricted tensor product ®m, with irreducible, admissible representations
(70, Vi) of GSp(4, Qy). Let us assume in addition that ® corresponds to a pure tensor ® f,,, where
fv € Vi. Then, if p" is the exact power of p dividing N, we have f, € V, o(n), the subspace of
vectors in V,, invariant under the local congruence subgroup Si(p"); here p = pZ,. The local and
global ;1 operators are compatible in the sense that the cusp form p,F' corresponds to the pure

tensor
(1fp) - Q) fos (54)
v#p

where 4 is the endomorphism of V;, o(n) defined by (6). In other words, in order to find the
tensor corresponding to u,F’, we replace in the tensor corresponding to F' the p-component f,
by pfp. This follows from a straightforward calculation: If we define an operator p on adelic
functions by right translating with the p-adic elements occurring in (8), then p,F' = pu®.

Fourier coefficients and 1,

We shall now compute p, in terms of Fourier coefficients. First we explain our conventions
about the Legendre symbol. Let p be an odd prime number and = € Z with p { x. We define, as
usual,

(f) 1 if z is a square mod p,
p/ | -1 if z is a non-square mod p.
For p = 2 we define (%) only for x € 4Z + 1. We set

(g)_ 1 if v € 8Z+1,
2/ | -1 if z € 8Z +5.

3.2 Lemma. Let n,r,m be integers and p a prime number. The congruence
n+rt+mt*=0 mod p (55)

has

p solutions mod p, if p|m, p|r and p|n;

2
r* —4dmn
e two solutions mod p, if p{m, p{r? —4mn and (7> =1;
p
e one solution mod p, if
— ptm, p|r? — 4mn, or if
— plm, ptr;
e no solution, if
24
— ptm, ptr? —4mn and <w> = —1, or if
p
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— p|m, plr, pfn.

Proof: First assume that p is odd. If p|m, the congruence (55) becomes a linear congruence,
for which the number of solutions is obvious. If p t m, (55) is equivalent to

(2mt 4+ 7)? =% —4mn  mod p.

From this the lemma follows easily. — Now assume that p = 2. In this case it is trivial to check
that (55) has

e two solutions mod p, if n is even and r + m is even;
e one solution mod p, if r + m is odd;
e no solution, if n is odd and r 4+ m is even.

By our conventions about the Legendre symbol explained above, these are the same conditions
as the one listed in the lemma. [

For the next lemma we use the following notation. Let n,r, m be integers and p a prime number.

If p is odd, then
2n r
rankp([ - Qm])

means the rank of the matrix [2: 2:”] after reduction mod p. If p = 2, then we define

on 1 0 if 2|n, 2|r, 2|m,
ranko( )=+« 1 if 2|r, but 2 divides not both of n and m,
ro2m 2 if2fr

3.3 Lemma. Let N be a positive integer and p a prime with p?|N. Let F € My(To(N)) with

. . - /
Fourier expansion F(r,2,7') =Y c(n,r,m)e?™(nm+rz+mr’) - Then

(pF) (7, 2,7") = p(p+ 1) Z c(n,r, m)eQWi(nT+7‘z+m7—’)

n,r,m
plm, plr, p|n
. , A )
+2p E c(n,r,m)e?™nTHraEmr’) o o E c(n,r, m)e2minTrztmr)
n,T,m n,r,m
ptm, ptr?—4mn plm, pir
'r274mn _
(=) =1
. , ‘ )
+p § c(n, r m)62m(n‘r+rz+m7' ) +p E C(TL, r m)e2m(nr+rz+m-r ) (56)
n,r,m n,r,m
ptm, p|r2—4mn plm, p|r, pin

Alternatively,

(pF)2Z) =pp+1) > o(T)em A

T
rank, (277)=0
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+2p Z C(T)eQTritr(TZ)
rankpg;T):2
( — det(27) ):1
P
T Z C(T)eQﬂ'itr(TZ) ) (57)

T
rank, (27)=1

Proof: It is easy to check that (56) and (57) are equivalent; we shall prove (56). We have
(upF)(7,2,7") = A+ B with

—1

1 up~ ' tup
1 tup™! t2up_1
A= Z (F| 1 )1, 2,7)
t,u€Z/pZ 1
and
1
1 Upil ’
B= > (F| . )7, 2, 7).
u€Z/pZ 1
We compute
1 up~!t  tup™!
1 tup_l tzup_l
A= Z (F‘ 1 )1, 2,7)
t,u€Z/pZ 1

Z F(r+up™t z 4+ tup™ b, 7’ + t2up™)
t,uE€Z/pZ

) / : 2y, —1
§ E : c(n, r, m)€27rz(n7-+rz+m7 )627rz(n+'rt+mt Jup )
nrm tuez)pl

By Lemma 3.2,
; / : /
A= p2 § : c(n, r m)e27rz(n7'+rz+m7 ) +2p § : c(n, r m)eQﬂz(nTJrerrm‘r )
n,r,m n,r,m
plm, p|r, p|n ptm, pfr2—4mn

+p Z c(n, r m)627ri(n7+rz+mr’) +p

n,r,m

plm, ptr

Furthermore,

B:ch

n,r,m
plm

r2—amn —
( P )71
n,r,m
ptm, p|r?—4mn

s !/
C(?’L, r m)€27rz(n7'+rz+m’r )

s /
(n7 r m)e27rz(n7'+rz+m7 )
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27rz(n7'+rz+m7— ) 2mi(nT+rz+mr’)
—pz c(n,r,m) —|—pz (n,r,m)e .

n,r,m n,r,m
p|m,p\r p|m,p)[7"
Adding A and B gives the result. ]

Lemma 3.3 shows again that p, has only the four possible eigenvalues p(p + 1), 2p, p and 0.
Moreover, we note the following consequence.

3.4 Proposition. Let N be a positive integer and p a prime number with p?|N. Let F €
My (To(N)) have Fourier expansion F(r,z,7') = > . c(n,r, m)e2minTrztmt’) - Yirite Fo=
Fyp+1) + Fop + Fy + Fo with F; € My(To(N)); according to the decomposition (44). Then

. , )
Fp(p+1) — Z c(n, r m)627m(n‘r+rz+m7 ) — Z C(T)€2Tmtr(TZ),
n,r,m T
plm, p|r, p|n rank, (27")=0
. f . ’
F2p _ Z C(TL, r m)627rz(n'r+rz+m7' ) + Z C(TL, r m)€2m(n'r+rz+m7' )
n,r,m n,r,m
pim, pfr2 —4mn plm, pir
('r2 —4mn ) -1
P

_ Z C(T)62Mtr(TZ),

T
rank, (27")=2
( — det(27) ) -1

P

: / ; /
Fp _ § : c(n, r m)627m(n7'+rz+m7' ) + § : C(TL, r m)eQﬂ'z(m’—i-rz-i-mT )
n,r,m n,r,m
ptm, p|r? —dmn plm, plr, ptn

_ Z C(T)@QWitr(TZ),

T
rank, (27)=1

. , )
Fy = § : C(TL, r m)€27rz(n7—+rz+m7— ) — § : C(T)€2Mtr(TZ).
n,r,m T
ptm, pfr?—4mn ranky (27)=2

(7'2747nn):_1 (M):—l

P p

In particular, these four functions are elements of My(T'o(N)). The same statements are true
with Sk(r()(N)) instead of Mk(ro(N))

We shall now prove Lemma 3.5, which was used in the proof of Proposition 3.1.

3.5 Lemma. Let F' € My(I'o(N))2p, such that

1 sp~t

-1
S L . P . (58)

S,UuEL/pZ

Then F = 0.
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Proof: Let F(r,z,7') = 3, . c(n,r,m)e> (7+rz4m7) he the Fourier expansion of F. By
Proposition 3.1 iv), we have

c(n,r,m) =0 for p|r and p|m.
Equation (58) is equivalent to
c(n,r,m) =0 for p|n and p|m,

Observing (34), it follows that ¢(n,r, m) = 0 whenever two of the numbers n, r or m are divisible
by p. We claim that c¢(n,r,m) = 0 if p|m or p|n. We just saw that ¢(n,r, m) = 0 if p|n and p|m.
To prove the claim, we may, by (34), assume that p { n and p|m. If p|r, then ¢(n,r,m) = 0 since
p divides two of the numbers n, r or m. If p{ r, we consider a transformation of the form (36)
with Ar = —n mod p. Then

c(n,rym) = c(n+ Ar+ Nm, T + 22 m, m) =0,

since p|n + Ar + A?m and p|m. This proves our claim that c(n,7,m) = 0 if p|m or p|n. — Now
assume that there exists n,r,m such that c¢(n,r,m) # 0; we will obtain a contradiction. By
Lemma 3.3 and by what we just proved, we have p{ m, p { 72 — 4mn, and (’”2_%) = 1. By
Lemma 3.2, there exists A € Z such that n + Ar + A>m = 0 mod p. By (36) it follows that

c(n,r,m) = 0, a contradiction. n
3.3 Characterizations of the eigenspaces

In the following we shall give various characterizations of the eigenspaces occurring in the de-
composition (44) resp. (45).

The p(p + 1) eigenspace

Let N be a positive integer and p a prime number. There is a simple level raising operator
Bp + My(To(N)) — My(To(Np))

given by

gF=F|| ?
1

Restriction to cusp forms gives a linear map 5, : Sip(I'o(N)) — Sk(I'o(Np)). Evidently, 5, is
injective. Modular forms in the image of 8 should be considered “old”, but there are many more
modular forms that should be viewed as oldforms.

3.6 Proposition. Let N be a positive integer and p a prime number with p?|N. The following
statements are equivalent for a non-zero F' € My(T'o(N)).

i) F is in the image of 3, : Mg(Lo(Np~1)) — My(To(N)).
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ii) F is invariant under the congruence subgroup

Z Z p'7Z p'Z
Z 7 p 'z plZ
NZ NZ 7 7
NZ NZ Z Z

Sp(4,Q) N

iii) If F(r,2,7) =3, . c(n,r,m)e™(nm+r=+mm) g the Fourier expansion of F, then

c(n,r,m)#0 = p|n, plr, p|m.

iv) pupF =plp+1)F.

Proof: The equivalence of i), ii) and iii) is an easy exercise. The equivalence of iii) and iv)

follows from Lemma 3.3.

The 2p eigenspace

3.7 Proposition. Let N be a positive integer and p a prime number with p?|N. The following

statements are equivalent for a non-zero F € My (To(N)) with Fourier expansion F(1,z,7")
2mi(nT+rz+mt’)
anm e(n,r,m)e )

i

1 tp~! 1
1 tp~' up?t 1 up~!
> F ) =0,  but > F ) # 0.
t,u€Z/pZ 1 u€Z/pL 1

ii) ¢(n,r,m) = 0 if p|m and p|r, but there exists a non-zero c¢(n,r,m) with p/m and p {r.

iii) ¢(n,r,m) # 0 implies

24
e pfm, ptr?—4mn and (ﬂ) =1, or
p

e plm andpfr.

iv) ¢(T) # 0 implies rank,(2T) = 2 and (M) — 1.

p
v) pupF' = 2pF.

Proof: The equivalence of i) and ii) follows from a straightforward calculation. The equivalence

of iii), iv) and v) follows from Lemma 3.3. The equivalence of i) and v) follows from Proposition
3.1.
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The p eigenspace

3.8 Proposition. Let N be a positive integer and p a prime number with p?|N. The following
statements are equivalent for a non-zero F € My(To(N)) with Fourier expansion F(7,2z,7') =
Zn . c(n, r m)6277i(n7—+'rz+m7—/) '

i)

-1 -1
S or| ! Lo l=0 bue 3P 11“p #0.

S, WEZ/pZL u€Z/pL

ii) ¢(n,r,m) = 0 if p|m and p|n, but there exists a non-zero c¢(n,r,m) with p|m and p { n.
iii) ¢(n,r,m) # 0 implies
e p{m and p|r? — 4mn, or
e plm, p|r and p t n.
iv) ¢(T') # 0 implies rank,(27") = 1.
v) ppF' = pF.

Proof: The equivalence of i) and ii) follows from a straightforward calculation. The equivalence
of iii), iv) and v) follows from Lemma 3.3. The equivalence of i) and v) follows from Proposition
3.1. [

The kernel of p,

3.9 Proposition. Let N be a positive integer and p a prime number with p?|N. The following
statements are equivalent for a non-zero F € My(T'o(N)) with Fourier expansion F(r,z,7') =
Zn o C(n, r, m)627ri(n7'+7"z+m’r’) .

i)
1
r 1 up~!
Z ‘ 1 =0.
u€L/pZ 1
ii)
1 sp~t 1 tp~!
—1 -1 -1
S F 1 . YPOl— 0 and S F 1 tpl L
SUEZL/PZ 1 t,uEZ/pZ 1

iii) ¢(n,r,m) = 0 if two of the numbers n, r and m are divisible by p.
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iv) ¢(n,r,m) # 0 implies p { m.
24
r mn) _
p
—det(2T)) _ 4
T :

v) c(n,r,m) # 0 implies pt m, ptr? — 4mn and (

vi) ¢(T) # 0 implies rank,(27") = 2 and (

vii) p,F' = 0.

Proof: The equivalence of i) and iv) follows from a straightforward calculation. Observing (34),
the equivalence of ii) and iii) follows also from an obvious calculation. The equivalence of v),
vi) and vii) follows from Lemma 3.3. Clearly, i) implies ii). If ii) holds, then, by Proposition 3.1
vii) and viii), F' € ker(u,). Thus ii) implies vii). The equivalence of i) and vii) was stated in
Proposition 3.1 vi). "

3.4 Hypercuspidal modular forms

The following definition can be made for modular forms with respect to any congruence subgroup
I" that contains

3.10 Definition. Let p be a prime number. The modular form F' € My(I") is called p-hypercus-
pidal if there exists an integer [ > 1 such that

1

1 up~
Z F‘k 1 =0.
u€EZ/P'Z

If | is minimal with this property, then we say that F' is hypercuspidal of degree I.

A straightforward calculation shows that if F' has the Fourier-Jacobi expansion (32), then
1
1 Up_l - il
Z (F’k 1 )(Tv 2, T/) = pl Z fmpl (7’, 2)62 e (59)

u€Z/p\Z 1 m=0
Hence we see that F' is p-hypercuspidal if and only if there exists an integer | > 1 such that
Jmpt = 0 for all m > 0. Another equivalent condition is that the Fourier coefficients c(n,r, m)
are zero whenever p'|m.

Hypercuspidal modular forms are not easy to construct. For example, it can be shown that
cusp forms with respect to paramodular groups are never hypercuspidal. Also, if p? { N, then
a non-zero F' € Si(I'g(N)) can be shown to be not hypercuspidal. The strongest form of
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hypercuspidality is that of degree 1. By Proposition 3.9, a non-zero F € M (I'o(N)), p?|N, is
hypercuspidal of degree 1 if and only if p,F' = 0.

3.11 Theorem. Let N and k be positive integers, k > 3, and F' € Si(T'g(IN)) be non-zero. Let
T be a set (finite or infinite) of primes not dividing N, such that for each v € T the function
F is an eigenfunction for the action of the local Hecke algebra H,. Then, given a prime p{ N,
there exists F € S (To(p®N)) such that F is p-hypercuspidal of degree 1, and such that F is an
eigenfunction for the action of the local Hecke algebra H, with the same Hecke eigenvalues as
F for each v € T different from p.

Proof: The idea is to locally replace the spherical vector at the place p with a hypercuspidal
vector. Let ® be the adelic function attached to F', and let 7 = ®m; be the cuspidal repre-
sentation of G(A) generated by ®, as explained at the end of Sect. 3.1. We write each of the
irreducible components m; as a restricted tensor product m; = ®,m;,. Our hypotheses imply
that 7, , is spherical for each prime v { N, and that

Tiw = M for all v € T" and all 1, j.

)

In fact, if ® = > ®&; with ®; in the space of 7;, and if ®; is written as a sum of pure tensors
®fy, then we may assume that f, is the spherical vector in m;, for each v { N. By the main
theorem of [PS], each of the local representations ;,, v { N, is of type I or IIb. A look at Table
1 shows that spherical type I or type IIb representations contain a Siegel vector fv at level p?
that is in the kernel of u; in fact, the space of such vectors is one-dimensional. Now we replace
in the pure tensors ®f, the local vector f, with fp. The resulting adelic function corresponds
to a cusp form F € S (To(p®N)). Since the local and global p operators are compatible, see
(54), we have ,upF = 0, as desired. Since we did not change the automorphic representations
involved, but merely specific vectors in these representations, the function F has the same Hecke
properties as F' away from the place p where we made the change. [

Remarks:

i) The hypothesis k& > 3 in Theorem 3.11 is necessary. There exist elements of spaces
S2(To(INV)) that generate certain CAP representations with local components of type VId.
Table 1 shows that we would not be able to find elements in the kernel of y at level p? for
these representations.

ii) The strong multiplicity one conjecture is expected to hold for non-Saito-Kurokawa cusp
forms of weight & > 3. Assuming this is the case, let F' € Si(I'o(N)), & > 3, be an
eigenform for almost all Hecke operators. We assume that F' is not Saito—Kurokawa,
which is equivalent to the degree-4 L-function of F' not having a pole at s = 3/2. Then
the cusp form F in Theorem 3.11 is unique up to multiples. For, by strong multiplicity
one, any other such cusp form has to lie in the same automorphic representation as E.
The uniqueness then follows from local uniqueness, meaning the one-dimensionality of the
kernel of ;1 on Siegel vectors of level p?; see Table 1.
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