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1. Basic facts of small covers |

Small cover (Davis-Januszkiewicz, 1990)

g} a compact n-dimensional manifold M"™ with the following
two conditions:

1. M™ has an effective, locally standard (Z»)"™-action, i.e., lo-
cally looks like the standard (Z»>)™ ~ R";

2. the orbit space is an n-dimensional simple polytope M"™/(Z,)"™ =
P™ j.e., each vertex is constructed by the intersection of just
n facets.

Simple polytope Non-simple polytope
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Example I

Example 1. Let RP(n) be
the n-dimensional real projec-
tive space with the following Z5-

action:
(t1,...,tn) - [ro:r1:---:7rnl
— [T02t17“1 : ~°°Ztn7“n].

T hen this action is locally stan-

dard and RP(n)/Z3 = A™. RP(2)/Z% — A2



Two datas of small covers |

From the small cover, we have the following two datas.

1. P™: an n-dimensional simple polytope,

2. A\: F — {0, 1}™: a characteristic function, that is,

det(A(F1),...,A(Fpn)) =1 (mod 2) for Ni_q F; = {v},

where F = {Fy, ..., Fin} denotes the set of all facets (codimension-
one faces) of P.



Characteristic function of RP(2) I

[0:1:0]
Let RP(n) be the n-dimensional

real projective space with the ez\
following Z&-action: [ro:r:0]

(tl,tQ)'[’)"o . T :TQ] [‘IOO] OIOZFZ] [001]
— [7“0 Sty t27“2].
€

The isotropy group of [rg:0:75] is Zo x {1} == e € {0,1}2.

The isotropy group of [rg:71: 0] is {1} x Zo == e5 € {0,1}2.

The isotropy group of [0: 71 :ro] is A == e] +ep € {0,1}2.




Characterization of small covers |

Small covers can be reconstructed from the two datas (P™, \).

1. P"™: an n-dimensional simple polytope,

2. A F — {0, 1}™ a characteristic function.

Then
M(P,\) = (Zo)" x P"/ ~y
iIs small cover, where

(t,p) ~y (') <= p=gq, and 't= e T(p) = (1) | pe F) C (Zo)™
Here, -1 =(-1,...,-1) € Z5.



Examples I

Example 2. In the following figures, the left and right pair are
called by (A2, X\p) and (I?, \?) respectively (where e; and e
are standard basis in {0,1}2).

€,

€

€
M(AZ2, X)) =RP(2)

M(I?, \3) =T7?



Summary I

In summary we have the following correspondence.

Polyt

olytopes

Small Covers and ch fcts
E (P, n)

The function X is also denoted by the following matrix

AFL), . AFm)) = (In A ) € M(n,m; Zo),

where A € M (n,m—n;Z>). We call (I, \) a characteristic matrix.




2. Motivation |

[Cohomological rigidity problem for small cover]

Assume H*(M;7Z>) ~ H*(M'; Z-) for two small covers M and M.

Problem: Are M and M’ homeomorphic?

Y

Answer: NoO!

' There are counter examples in the above class. |




Masuda’s counter examples l

M(q) = P(gv®(b—q)e): the projective bundle over RP(a), where
~v is the canonical line bundle, € is the trivial bundle and 0 < ¢ <
b.

Theorem 1 (Masuda). The following two statements hold:

1. H*(M(q); Zo) ~ H*(M(q);Z2) & ¢ =q orb—q mod 2m(®),

where h(a) = min{n € NU {0} | 2" > a},

2. M(q) = M(qd") i ¢ =qorb—q mod 2k

where k(a) = #{neN | 0<n<aandn=0,1,2,4 mod 8}.
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Put a = 10, then we have h(10) =4, k(10) = 5.

Put b=17 and ¢ =1 and ¢’ = 0.

Then H*(M(1)) ~ H*(M(0)) (by ¢ = 17 — ¢ mod 2M10) = 16),
but M (1) 2 M(0) (by ¢’ # 17 — q¢ mod 2k(10) = 32).

Problem: |Characterize (or classify)} the topological types
of projective bundles over small covers.
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3. Projective bundles over small covers l

Let ¢ = (E(¢),n, M,RF) be an equivariant k-dimensional vector
bundle over a small cover M™.

Put cg(M) is the image of the zero section and

P(§) = E(§) — oo(M)/R7,
then P(¢) is the RP¥—1-bundle over M.

Lemma 1.[13(5) is a small cover &L E=v1D - @ykj
where ~; Is a line bundle.

We call such P(£) a projective bunlde over small cover (or pro-
jective bunlde).
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Lemma 2. P(&) has the following two properties:

1. the orbit space is P™ x AF~1 (where M/Z5 = P");

2. the characteristic matrix of P(§¢) can be denoted by
I, O AN O
O I,_q1 N 1

Therefore, in order to consider the projective bundle over small
cover, we may only consider the following matrix:

13



Characterization of projective bundles l

Idea: |Attach this matrix to the facets of P" directly]

For example, for r = (r1q,.

The following matrix

I 1 .
(O r)EM(k—I—l,3,Z2),
corresponds with

P(fyrl @ “ e @ fyrk—l @ 6),

where 79 = ¢ and ! = ~ over
RP(2).

.y rp-1) € {0, 13571,

€, +6,+r

€,
r=riel +---+ ,rk—le;q—]_'
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Projective characteristic functions I

Ap : Fp — {0,1}7x{0,1}*~1: projective characteristic functions
such that

det(AP(Fi1)7 - - '7>\P(Fin)7X1' O 7Xk—1) =1
for F;,N---NF;, #0and {Xq,..., X1} C{e},...,e)._1,1}, where
e/ is the standard basis of {0,1}+—1,

1

Then (P, A\p) characterizes the projective bundle over small cover.

Proj bdls over — Polytopes

Small Covers and proj ch fcts

(P, xp)
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New operation on projective characteristic functions

In order to prove the construction theorem of projective bundles
. . ) Ak—l

over 2-dim small covers, we introduce a operation f on the

projective characteristic functions as follows.

Remark: This operation corre-
sponds with the fibre some of
projective bundles (gluing along
the fibres).
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Main T heorem |

Theorem 2. Let P(€) be a projective bundle over 2-dimensional
small cover M?. Then P(£) can be constructed from projective

bundles P(¢) over the real projective space RP? and P(k) over
the torus T2 by using #2°*.

e1+r

€. +6,+r

e
e. 1

P(k) =
— r1 .. Tk—1
P(C) P(fy EB EB Y EB 6) P(,y'r]_ ®fy7a€|_ @ . .@fyrk—l ®7r;€—1 EDE)
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Outline of proof I

Step 1: Prove there are two
edges F;, Fj such that

det(Ap(F;), Ap(F})), X1,..., Xp_1) = 1.

Step 2: Then we can do the
converse of the operation ﬁAk_l
along F; and Fj.

Step 3: Iterating the above ar-
gument, finally P decomposes
into the sum of A?'s and I?’s.

Step 1 and Step 2
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Topological classification of the basic parts I

Finally we list up all topological types of projective bundles over
RP(2) and T2.
Proposition 1. The topological type of P(() is one of the fol-
lowing 4 topological types:

S? xz, P(qR® (k — ¢)R),

forq =20,1,2,3.
Proposition 2. The topological type of P(k) is one of the fol-
lowing 4 topological types:

T2 xz3 P(R1 ® Rz & (k — 2)R);
T2 xz3 P(R1 @ (k — 1)R);
T2 xz3 P(Rp @ (k — 1R);

T? x RP(k — 1),

where T2 X7z, R; Is the canonical bundle of the i-th sl c 12
(i=1,2).

19



