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1. Bott tower ond Bott mamifold

Bott Tower
Bn —=Bna — - =B, —Biq — -7 Bi— Bo
I I I
P(?iu@?az.) Gt vy
TJ |
€CoOqe
€- Lime bundleg porec)
over Bf,-j_

Each Bi W called an (j-th stage) Bott manifpid



On aenero&
Pﬂ?te'za PC%@(m"zz))
any €- Luma bundle
o P(2,0%) = P70 (2@1)
= p(CO(?29W)
Hence we May consider By = P/_C’Q@E%)
il bundle @ - Rune bumdle



2. Cohomolog_y ang of Bott mamfolds

Let V. be the tautological Jme bundle
Ti: Cof§, — Plees)=B;
Let x:= CCYW) =-¢(7) € H"(Bi,)
> KB = @) ldkxir o3 Xn>

= Z(x, -, 1“1/ x>
xt-(-C’n( }a.’) - &
c |(§i.) € HZ(BL—\) :2’ i

S0 (B =Cuxits -1y :-'2 u,.:‘+ CiLEm) L

for some CHEZ = Z[x,--. 1"-‘3/ -xa,c.ca\mvrxz)

A (Cni X1 +-FCn aa Ty T )



3. Coho mologzéco& Yigidig gueston for Bott momFelds

(Question) M. N : 'fL"StagC Bott man:fold
* - o H* : Y
, P02 SHNID) e grded. ninge
= M =N (homeomorphic , or diffeomorphic) 2

Sf so. We say Bett manifolds are = cohomologically
gid.,

CMasuda - Panov., 2008 Sbornik Math.l
M : n-stage Bott momifold trivield n-stege
S H*(mM12) 2 R%C (@P)) Bott momifs)d
= M d%m((lfP)




[choi ~Masuda-S, 200 Trans. AMS]
M, N: any 3 -stye Bott manfold A

H¥{(M: Z) = wniz) = Mz N-
Hem

only tne Stagx. of the Bott tower

Theovem 1 f/ Sequence w o nontri vial fibratitm
F\'ry |- twist Bostt manifolds are CDthDIOaACA,y nigu

e 4 M N I-twist Bett mfds otth BN = HFw)
= M = N (diffeom)




4. Toric ond Quasr‘l,‘bﬁc. m«mr}vlds

Toric variety = a normal complex allgebraie variety
of dim, n with (€ - oction having o dense avbit.
Toric mandeld = o nensingular toric variety

@uositoric manfeld = o Closed 2n-dim manifold M

tOrth .,QDCa.l-y standand. T'= gx - X5 xs oction &
Ja mop G 4 M — P smxple convex polytope
Such that TG (pt) = T orbit . Jnthio crae we Soy
M v pver P.



Stondard action of T on € -

G:I,."'J tm)’(zl,“’, Zn) = (‘bl?]) ---, tnza)

’.FbY' Cb\) ""Jt‘V\) €-Tn, ('Zl)"’/ Zn) € C“

n n
TG C“ —> C T’"’ = R)/o

T@={tz, 2] 2ito,%5) T
(T ocks freely)

Tey=ilo, 2|24
Fixed ‘Erg S'x 1.
T ()= {eo.03
Fixed ‘(’/5 ™

T 0= (2,00] 2 %) : fixed by 1xs*



Simple convex polytope of dim n
= polytope ot of ench Vertex exoctly M facets are
rmiersectng

O\ 'mple_

For o 3L mfd f’l =P,
P lvortex) € M 5 fixed point set
T Cfaget) C fixed set %y o circle Subgroup of T



Example
(1) €' : tovic manfold Cand g.t.mfd over A)
(@ Bott mamfold Bam - tovie mfd (9.t mfd pver IO

3) Hnj froj, toric manifolds = It ™fd
=
@'#Cpi w o gt mid over I.n,-&ut 4 does not
Rave o compadible almost complex structure .
5, nob oo tevic manifold.

(@u\est'on) 35 the dass of toric manifolds (or gt. My
cohomologieally  1igid ?




5 Ba- o&jebm

BQ’aQaebra, of nonf . pver R
= 3mded. a!laebm. over R gen. ky i, -+, A
With d.o.g X =2  outh that

n .
() T A*0o
V=)

C’oho’mologico& Complex:ify of o BQ- a%jerov
= the number of &s ot a.,::\:o.

Toctually fhie Number depends om  Choices of Feneratdls du,— . In,
o, the cohomological ComPlexT’tj Showld he  tha "Mimimum of e
PTeVIDM.Se.l) defimed. Mumbeyr ,L'moﬂj o020 choices f generatsrs .\



For o Bott nanfold By , ks cohomolog y H*(Bn:2) s

o BQ-oQOebm over Z,.
Is +he converse true 2

Theorem 2

M guasitoric Mancfold over a simple convex poly. P)
\95' H*(M) w @ BQ.- aﬂaebm, over 4.,
2 () P= 1" (hythe work o} Mosade = Panov)

@ ™M Romeom to an n-stage Bott mfd.




6 Twist number and cohomologicall complexity

For an n- stage Bott manifold
Bn—Baq1— ---- Bl —Bi«— --- 2B—8B

The +wist numberis the number oF non-trivial
fibrations m the tower.

For oo Bett mantfold B, There_ moty be anvther towev
Bn_”Bﬂ\ - - B __’BL— - T 7 B\ — B pt
However we cm Shoo that the twist number is

Thdepeﬂdewt of o choice of o tower .



For o Bestt man:fold Bn, we con see easily that
twist number of Bn 2 cohom. Complexatj of~ H*(Bn)
But they are actually eguel , i.e.,

Theorem 3

For oo Bott manifold Bn
twist number of Bn = cohom. complexity of~ H*(Bn) |




7. Cohomol%éc& I‘LLa&d:\tJ of ¢t manifolds over 1.

Theorem &

Mm: N Fuaaitpric Mmamfolds ot H¥(M) omd H*W)
ore BQ- ogebras  pver L with cohomologicall
Complexities e%uw& B 4.

Jhen H*M) = H*(W) = Ma N (homeom)
(proof) By Theovema ™ and A are homeom b n-stae
Bott mamfolds Bn and Bm, neSp - BJ Theovrem 3
their twist numbers eguod to L. oo By Theorem1

ProBl . > M N .




Theorem 5

Ms, Ns . 6-dimv uasi toric manifolds ot
H*(Nﬂ onde H*(N) ore isowonucBQ. - aQﬂebm.s over 72
= M & N (homeom)

homed homeo

(proof) By Theorem 2 M =Bz , N=2Rj
for poms 3- Stage Bstt mandfolds Bs omd Bi .
gj [choi- Masuda -S 20103 Ba dﬁsl

o M =N

homep




_8 Cohomology with Z(ay cotfficents
Theorem 2 ~5 are stil valid Wwith 2~ co<fficients

Theorem 2. M e mfd over P
Sj: H*CM L) 0w o BQ‘anebTm_ over Ze) ,  them
W P=I (@ M=<Bn (homeom)

Theorem 3 For o Bott monifold Bn
twist number of B = Cohomolojicaﬂ, comf,/ex—.@ of H*szzm)

Theorem & M, N: 3t mfd ot B (M3 Ze) and BV : Ze) ore
R@- anebms over Z) with Cohomolog/ic& Complexrtj =1
= Mx . Pomeomorphic

Theorem §° M, N 6-dmm gt mfd ot H(Mi i) ond W ) |
ore BG- olsebras sver Zwy = M XN homesm

==



7

SKetch of proof of Theorem L

Lemma. 6 TIf o Bott manfold Bn hao o one-twist

Bott tower shucture Bn— Baq— --- —Bp _ then

il Rao another Butt tower structure Bn—2Bns — -- = Bo

whose last stage o noxtrivial and all other slgges are
trivial

B

fot Bn be o tme-twist Bstt Znama‘old, then we
M2y ossume thot Bny= (@)

-e.,
B‘n“* Bpg — -- — Ba_"B(:-'I—"" — B~ Ro
e S \— — )
nontrivial trivioX fibrotien

9§ tbyation
°°° H*( Bn"') g Zr X, == 1”".]/(2;2::0) ]:5')”', YH)




let  Bn= PLCOT™ wohere V'io the Lime bundle
over Bny  With -
61D =a= Zaiti € H(Bw)

For notakional convenrence, Lot M= Pla@¥™

> H*(,Md') S ZLx-, An,, 3&3 <k, ;(4’; 3:' oY
W 2a P o Je

Lemmo. 8 The -,Follbwmg ore equivalent

o M) T Q = B (T Q)

(v 3 ne H(Bnq: QO pt (341’"0-0

3 d= X For Some 1=l -, n-1 .

Moveover 'l'here are two dtffcamorpmsm types M fluo case
M) € P M= (08 % H (Ao a Heebruh surfue)
and H"‘CM&») = L)) & Gi=even in (D




Now comsider M) and N(.@) 2.t
H M) —E— K CHe).

By some argument oith. Lemma 8 (), we Con show that
G) ¢ preserves the Subring H*UCPT™
G PLI= p ( mod 2D
G $(a = p*
we may ned o aher the Original isomorphism 4y
[ Composing ¢ with an aubvmorphism of h‘*cm/s;) K
fmna the sufrrmg Hep]"”) .

Further it is easy To prove thot any autom o
H*(@n) = ZL[ 1, --, 10l 1i=1.-m1> 0 generated
by permutations of the genemtrws wp T sign.



s We may assume that the isomorphism
¢: H(M@I) — H¥MED W
(1 the identity on the. sulring H*(Bn-) ,
(D o= (mod 2), ans
() w=g"

O(E.% (2 = d-p=20 for am W€ KB
Let

5. = Yec
ga"‘ iw(7¢@¢:)
=  G(5) "‘0(.’-"?*1@ = C;(%5.)
Cx(%) =0
Cu(3) = -w(p-w) =0 fecauar o= p"



We now need the following lemma :
Lemma.q

Let & = Y'eP=, £.- e b

sums of
two C-line bundles opver (cp')“' ot
C(8) = (3D amd  a(5) = alB)=o .
P &5 =&,

By thio lemma § = 5.

& P(.E.z)

= p( 'fw( ‘y?e C))
= p(1®@e) = M(PJ




0. Some comments o prost of Theorem 2

M: Quasitoric manifold pver P

Suppose H*(M) w a BQ -olgebra over Z,

> KHWMIZ) b a BA-algebra over Za

Bj oo Nesut of  Moasuda- Panov (20082
Pl comb?na'foﬁal!y O_Bu}.l)nhnt v 1.

( such property is cafed the cohomojogical nuigidity of
polytopes)

Now lzj the result of Dobymskaye falsv CHMS),
Ak o enough to show that all principal Mimors
of the assoCialed Nxn mMmatrix of M are 1 .



|1. SKetch. of proof of Theorem 3

b Bn—Bny— "~ ™ B,—8B, be o Bott tower
with  the twist number T .
Bj o Similar nesutt similar to Lemma &,
We may assume thok
Bp-t = Bngq— --- — Bi—=bo
w o- trivial Bott tower .

% H*(Bn) = Z[xl) =) Xe%x."-.-. = :x.,,fc =0

=
_ Xi *fix: =0 For n-tusisnd
v
where fi = = e 2



Now suppose the Cohomological complexity of H*(Bnd =35 <t.
23 VY. ZE"‘»"'..W/%‘- o f Xy =0

X +fixi=o_ ntH<isn
—> z.[g.,--,,g-nyg\a- - =yps =0

Lemma 10 T m  (n-ttiem<n) ot
F=0 (mod2) and fp =0 € H(Bm~) D

Thus Jtaw=0 oo some we H (Bm-1)
= (7@ V") = (1+w) (fmr i) .
= 1w+ W) - 2‘4%

= A
Thus V@ TJ’"M w trivild by the j”-olloap‘ag lemme. .



Lemma (1, A sum of two line bundles over a_ Bott
mantfold b trivial & the total Chern claso w trivial a

Now PCCO® V™) =p(Y® (@Y ™))
= PV’ ™)
= Bmi x 02?“L
oo We N rteduce the twistnumber of Bw B t-1 S
which js oo contradiction .




SKetch of o diffevent proos  (More conceptual ) ~by Masuda

E — X ! o complex 2-dim vechw bundle |

'P(E)E;X . the Covre.slabmlm} Cy - bundf.

GPE) —p(E):  tangenk bundle of PEE) along
‘j"b‘QYS Oj’ P(E) — X .

E'— X : anper namk a v.b.

PR _i"’P(E') Fiber bundle isom
Ny
= 'E'-P(E) = 1}: P(E') : VL.b. 1Somo vphism

J
P(E) —’i—-» PED



Hence pr (T PE)) = Pr (T P(EN)
& wa ( T}P(E’) = Q)L('Q_P(E'J)

Lemma (2. for m: 'P(E)—>>< oo above
pi (Tg pCEY) = CI(E) 4.C. (ED
Wy (T PED = 7 (WalE))

B o animuQar Wwhen X W o Bott Manifpid
& PE) = PCOY) — X i triviek
= o EY = 4alE) = oy =0
. walBE)=oi =0 (mod2)



B Conversely, 4 di=D and 2[i, then
PLEBY® ) — X w o trivied Fibration.
(Proof)  pCOY™) = pL 'y"d"CtDG-)'Yd )

X = pl ' ©7°> =)
Bul cL'Viewé') = -FHHu+ Ey =1,
Thefore Y @ 'l T 1 a trivial bundle €y the pllowing:

Lemma-13 9% E— X to & pum of two Jure bundles
over o Bott mamfold with  C(E) =1 then

Ev trvial

so e 'r;_eed, t consider the eloments o€ HCBm)
at &=0 f 2|l .



In ot we can  show that o
H*(BT\:Z) &= Z[i‘)“)xm%x:‘;-kolixiali:\)"'/h}

then
the twist number of Bn
= n- [{il «*=0 , 2|di}
= the cohomologm& complexily 65 Bn
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