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At the beginning,

let us recall famous

Hopf's classification theorem
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Hopf’s classification theorem

M . a connected, orientable, closed n-manifold
S™ . an n-dimensional sphere (n > 1)
M, S the set of homotopy classes of

continuous maps f : M — S"

Then, the degree function
deg : [M,S"| — Z

IS bijective.
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Equivariant versions

G : a finite group
S™ . an n-sphere with free G-action (n > 1)

hen,
1. The degree function deg : [S", S"]|¢ — Z is injective.
2. Im(deg) =1+ |G|Z.

(See tom Dieck’s book)
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An equivariant Hopf theorem

As a corollary, we have:

-

Put
D([f]) = (deg f — 1)/|G].

Then,under the same assumptions as above, the map

D : [Sn, Sn](; — 7

\is a bijection.
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Next, we recall isovariant maps.

— Typeset by Foil TEX —



Def. of an isovariant map

G . agroup
X,Y : (G-spaces
w:X —Y : aG-equivariant map

© is a G-isovariant map

def iIf it preserves the isotropy groups, that is,
Gy = Gy holds for all z € X.
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Isovariant homotopy

- A G-homotopy F': X xI — Y iscalled a G-isovariant
homotopy
&L Fis G-isovariant.

the set of isovariant homotopy classes of

XY™ isovariant maps f : X — Y
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Now,we explain about today's talk
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Our settings

We will consider the structure of [M, STW]5°" under the

following setting:

G : a finite group
M : a connected, orientable, closed free G-manifold
SW . a faithful unitary GG-representation sphere

and,

The Borsuk-Ulam inequality

in the following page.
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The Borsuk-Ulam inequality

dim M + 1 £ dim SW — dim SW~!
where SW>! is the singular set, i.e.,

s>t ) swh
(V£H<G

= {z € SW |G, £ 1}

where if SW>1 =), we put dim SW>! = —1.

— Typeset by Foil TEX —

(BUI)

10



Why is it called "Borsuk-Ulam” ineq.?

Beacause it appears in the following isovariant Borsuk-

Ulam theorem:

-~

-

M
SW

4 a G-isovariant map f : M — SW —

an m-dimensional mod|G|-homology sphere

on which G acts freely.
a GG-representation sphere

\v

dim M + 1 < dim SW — dim SW~1,
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[M7 SW]i(S;’OV — [M, SWfree]G

Put
SWiee = SW \ SW=1.

Then, by assumption, we have :

(M, SWIEY = [M, SWhea-

In our setting, the problem was reduced to the study of
the set of equivariant homotopy classes of equivariant

maps  : M — SWiee, that is,.
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Our Problem (Again)

~

4 .
Determine the set [M, SW]E under the inequality

dim M + 1 < dim SW — dim SW~! (BUI)

— Typeset by Foil TEX — 13



Our Problem (Again)

~

4 .
Determine the set [M, SW]E under the inequality

dim M + 1 < dim SW — dim SW~! (BUI)

-

This problem is reduced to

'Determine the set (M, SWheo|l under the inequality |

dim M + 1 < dim SW — dim SW~! (BUI)
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Topology of SW;.., preparation

Recall that
SWHE ) SWH, SWie = SW\ SW!
(M£H<G

Put
d = dim SW — dim SW~1.

Since the representation is unitary, we have

d=2, diseven.
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Topology of SWice

1. SWhee is (d — 2)-connected.
2. Put
A ={H € Iso(W)|dim SW" = dim SW~'},

then
Td—1 (SWfree) = 69 L

HeA
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Outline of Proof of (1)

By general position arguments.
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Outline of Proof of (2)

We note that dim S(W#)t =d —1 for H € A.

By the Hurewicz theorem and the Mayer-Vietoris
exact sequence, we have the following composite of

iIsomorphisms, where 2,7 and ¢y are inclusions.

(A ={H € Iso(W)|dim SWH# = dim SW~1})
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Wd_l(SWfree) = Hd—l(SWfree§ Z)
i—*> Hd—l(SWA—free§ Z)

j—*> aHd_l(SW\SWH;Z)
HeA

% 9 Hd_l(S(WH)J";Z)
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Another description

Since G acts on  SWiee, 7Ta-1(SWheo) and
H; 1(SWhee; Z) are regarded as ZG-modules.

For H € A,
gS(WH)t = S(woHs )- (g€ G)
and then,we have

gS(WH+ =Wl o ge NH.
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7zG-isomorphisms

Set A/G = {(H) | H € A.

Then, we have the following ZG-isomorphisms

U Hy 1(SWheo; Z) — Q} Z|G/NH]
H)eA/G

Voh:mg1(SWhee) — 69 7Z|G/N H|
(H)eA/G
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Equivariant cohomology

The equivariant cochain complex is defined by

Ct(M;7) € Homye(Cu(M); ), 8 = Homze(9).

where 7 is a ZG-module. The equivariant cohomology
95(M; ) is defined by

96(M;m) = H (Co(M;),0)

It is the main tool for our approach.
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Theorem (Existence of isovariant maps)

If the inequality

dim M + 1 < dim SW — dim SW~! (BUI)

holds, there exists a G-isovariant map f: M — SW.
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Proof

Since dim M < d — 1 and SWh. is (d — 2)-connected,

ﬁE(Ma W*—l(SWﬁ’ee)) = 0.

Equivariant obstruction theory says that it means that
there exists a G-map [ : M — SWiee.
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At first, we will discuss this problem,

from a cohomological approach.
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Equivariant cohomology as an obstruction

Set m = dim M and 7, = T, (SWhee).
Let f,g: M — SWheo be G-maps.

Generally,speaking,
the equivariant obstruction class ~g(f,g) to the

existence of a G-homotopy between fand g lies in

96(M; ).
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Since

But,in this case...

SWrree is (d — 2)-connected,

m < d—1,
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Theorem (strict case)

~

IfdimM < d-—1,
then all isovariant maps from M to SW are

isovariantly homotopic each other.
N J

Proof.

It follows from
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From now, we assume that

dmM+1=d%¥ dim SW — dim SW>!

(In this case, by assumption dim M is odd. )
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Correspondence

Fix an isovariant map fo : M — SW, which is called

a reference map. Then according to the equivariant

obstruction theory, the correspondence

Yio [Ma SWfree]G — ﬁccly_l(Ma 7Td—1)

defined by

Is a bijection.
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orientation homomorphism w : G — {£1}

Put
w(g) =1or —1

if the action of g preserves the orientation of M or not
respectively.
Define a ZG-module Z,, by

underlying module : Z
(z-action . g-k=w(9)k
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Decompositon of A

Put K,, = ker w.

We decompose A into two parts as follows :

def

At ={Hec A
def

A Y rHeA

Set

NH < K,
NH ¢ K,)}.

A*/G = {(H) | H € A}
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What is f) (M T d— 1)

Under the assumption,

aE (M mgoq) = 69 Z D 69 Lo

(H)eAt+/G H)eA— /G

K .
Consequently under our setting, we have

= @ e @

(H)eA+/G H)cA— /G
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9G (Mimg1) = € {(M;Z[G/NH])
)eA/G

= @ 1M {ZIG/NH)))

)EA/G

E

E

~ 69 Hy(M;{z,\G/NH|})
(H)eA/G

~ 69 Zw|G/NH]/ < a—w(g)a >
(H)eA/G

69 Z@ 69 5,

(H)eAt/G H)eA~ /G
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When G is abelan . ..

Suppose that G is abelian.

If the action is ori.-pre.,then A = A™. Hence,

If the action is not ori.-pre.,then A = A*. Hence,
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HeA

(M, SW]E™ = @)z

HeA
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Hearafter, we will give another
approach to the correspondence above
discussed.
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Decomposition of H; 1(SWiee)

Set

SWA+—free:SW\ U SWH
HeA+t

SWA_—free — SW\ U SWH
HeA—

Then, we have a decomposition (ZG-iso):

Hd—l(SWfree) gG Hd—l(SWA+—ﬁ~ee)@Hd—l(SWA_—free)
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By identifing Hy_1(SW 4= ge) with €  Z[G/NH]

(H)eA*/G

1. ddy(f) € Z such that
£ (M) = (du(f)on) et /e

where o = ) /vy w(a)a

2. fo([M]) = 0.
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The Multidegree

M — SW is defined by

mDeg f = (du(f))m e P 2z

(H)eAT/G

It Is an isovariant homotopy invariant.
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Main results

1. Let f,g: M — SWhbe G-isovariant maps, then

mDeg f —mDeg g € 69 INH|Z.
(H)eAT /G
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2. fo . a reference map.

Vo€ € [NH|z3f:S— SW (a|Glisov)
(H)eAtT/G

such that

mDeg f —mDeg f) =«

3. The number of G-isovariant homotopy classes with

same multidegree is 24 /G
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If A= =0,

If A= = (), by our main theorem

mDeg : [M, SW]E* — ) z
(H)eA/G

is injective. For a fixed reference map fj;, we define
Dfo(f) by
1

Dy () = () = dn( o))
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an Isovariant Hopf theorem

1f A= = () then

Dy : [M, SW]E — E} Z

IS a bijection.

In particular if GG acts orientation-preservingly on M,
Dy, is a bijection.

N

0
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That's all for today.

Be careful to influ.

lkumitsu Nagasaki
Fumihiro Ushitaki
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