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G/K : Riemannian homogeneous space
M, N : submanifolds of G/K with

dim M 4+ dim N > dim(G/K)

Kinematic formula

__ | geometric invariants
/GI(MmgN)d“G(g) - { of M and N }

Poincaré’s formula

For any curves ¢; and ¢o in R2,

/I(RQ) #(c1Ngeo)du(g) = 4xlength(eq) xlength(es)



Generalized Poincaré formula (Howard)

G/K : Riemannian homogeneous space
dim(G/K) =n

G : unimodular Lie group

MP, N9 : submanifolds of G/K with p4+q¢>n

then

| vol(M N gN)dpg(9)
= [ ox(TEM TN )dpu(e,y),
MxN J
where
o (T M, Ty N)

= /K||u1/\---/\up/\k*_1(’01 A Avg)|ldpg (k)

ui, -+ ,up . 0O.n.b. of (gx),:l(TjM)
vy, - ,vg . O.n.b. of (gy)gl(TyLN)



Vo @ vector subspace of To(G/K)
M C G/K : submanifold of type V,
el 50 e G st (go)TN(TuM) =V,

for each x €¢ M

Corollary
N C G/K : submanifold of type V,

:>/GVOI(MﬂgN)d,u(g)
= Vol(N) /Mamré(M), Vb dp ()

In addition M C G/K : submanifold of type W,

= /GVOI(MﬂgN)d,u(g)
= o (Wi, V:H)vol(M)vol(N)

Theorem (Santald)

MP, N1 C CP™. complex submanifolds

(M N gN)d
/U(n+1)VO( NgN)dg

_ vol(CPPTI=™)vol(U(n + 1))
- vol(CPP)vol(CP9) vol(M)vol(N)




Theorem (Kang-Takahashi-Tasaki-S.)

G/K : almost Hermitian homogeneous space
dime(G/K) =n

G . unimodular Lie group

Assume that K acts irreducibly on AP(T,(G/K)1:9).

Then, for any almost complex submanifolds

M and N in G/K with dimg(M) = n — p and

dimc (V) = p,

VvOI(K)

()

||, #(M 0 gN)dug(g) = vol(M)vol ()

holds.



Theorem (S.)

G/K : irreducible Hermitian symmetric space
dimc(G/K) =n

Assume that K acts irreducibly on AP(T,(G/K)1:0)

Then, for any complex submanifolds M and N

in G/K with dimg(M) = n—p, dimg(N) =n—gq

and p+q <n,

| voI(M N gN)dug(9)

_ (n=ptn— q>!VOl(K)vol(M)vol(N)

n'(n—p—q)!

holds.



Theorem (Chern, Federer)
MP, N9 C R™. submanifolds
For 0 <2l <p+4q—n,

/G por(M N gN)dup(g)

= > Cn,p, g,k Dpop(M)pg_y(N)
0<k<lI

holds.

Theorem (C. S. Chen)

M?2 N2 c R3 : closed surfaces

/G (/MﬂgN /<;2d3> dncl9)

= =3vol(V) [ (WM +2(H")2) duy

+ n2vol(M) [ (InNI2 +2(H™)2) duy



G /K : Riemannian homogeneous space
Vo C To(G/K) : vector subspace

II(Vy) = {h | h: Vo x Vo — Vb symmetric bilinear}
K(Vo) ={a € Kl|axVo = Vo}

K(V,) acts on II(V,) by

(ah)(u,v) = a*h(allu, aglv) (u,v € V)

P : polynomial on II(V},) invariant under K (V)
M C G/K : submanifold of type V,
For x € M, define

-1
P(hM) == P(ng= M),
and

P N M
1P (M) = /MP(hx Yy

EIl(To(G/K))

_ { To(G/K) x To(G/K) — To(G/K) }
o - symmetric bilinear
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T heorem (Howard)

G/K : Riemannian homogeneous space
G unimodular Lie group
Vo, Wo C To(G/K) : vector subspaces with

dimV, +dimW, > dim(G/K)

P . homogeneous polynomial on EII(T,(G/K))

of degree [ invariant under K s.t.

[ o (Ve kW e () < o0

Then there exit {Qa, Ra}aca Which satisfy

(1) Qn : homogeneous polynomial on II(V,)
invariant under K (V)

(2) Ra : homogeneous polynomial on II(W,)
invariant under K(W,)

(3) deg QO +degRq =1 for each a € A

(4) for any submanifolds M of type V,

and N of type W, in G/K

|17 0 gN)duglg) = 3 19(M) IR (N)
acA

holds.



Example

When G/K is a real space form and degP = 0,
especially P =1

/G vol(M N gN)due(g) = Cvol(M)vol(N)
Poincaré’s formula

Transfer principle
G/K,G'/K' . Riemannian homoneneous spaces
of same dimensions

Assume that there exist

p : K — K'; isomorphism

Y . To(G/K) — T,(G'/K") ; linear isometry s.t.

woke=p(k)so (ke K)

= {K(V,)-inv. poly. on II(V,)}
= {K'(ypVp)-inv. poly. on II(pV,)}

= same type kinematic formulas hold
in G/K and G'/K’
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The case of real space forms

G/K : real space form
K = O(To(G/K))
K(Vo) = O(Vo) x O(V;")

There are no homogeneous polynomials of odd

degree on II(V,) invariant under K(V,).

Wo(h)
1, J21—1J21
— 52_17 ZQZ R]l]Q . R’
, Z J1,5J21 ’61@2( ) 1] — 1221( )
13217"'712l§p
i k k k ]
vl hiv1 1
1111 %112 1119]
Rk pk1 k1
] ’0221 %222 1219]
= 2 Zdet : - :
ki K K
Zzl 121 121112 12]-112]
p ki ki ki
i 12181 12112 (I

poy(M) = I"21(M)
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Generalized Gauss-Bonnet theorem
M : compact oriented Riemannian manifold of

dimension 21

po (M) = C(1)x (M)

Hotelling-Weyl tube formula

M C R™ . p-dimensional submanifold

vol(rM) = Y C(n,p, Do (M)r—PT2
0<2[<p
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The case of degree two

The space of homogeneous polynomials of de-

gree two on II(V,) invariant under O(V,) is

spaned by
2 2
Q1(h)y = > (hE) =1nl
1<i,j<p
p+1<k<n
2
Qo(h) = > (Z hﬁ) = p°H?
p+1<k<n \1<:<p

Wo(h) = 2(Qa(h) — Q1(h))

U(h) = kQ1(h) — Qa(h)
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Fact (Chern-Federer, Howard)

Assume that 2 < p+ g —n. Then there exist
constants a(p, ¢, n) and b(p, q,n) so that for any
compact submanifolds MP and N? of a real

space from G /K the kinematic formulas

/G M™2(M N gNYdg = a(p,q,n)I"V2(M)vol(N)
+a(gq,p, n)vol(M)I"2(N)

/G Yotan(M A gN)dg = b(p,q,n)I"(M)vol(N)
+b(q, p,n)vol (M) I44(N)

holds.

Theorem (Kang-Suh-S.)

In the previous fact,

_ ptg—n-—-1
a'(pa qnn) -
p—1
vol(SO(n + 1))vol(SPTa—n)
X .
vol(SP)vol(S9)
(p+qg—n+2)(p+qg—n—-1)
b(p,q,n)

(r+2)(p—-1)
vol(SO(n + 1))vol(sPTa—n)
x vol(SP)vol(S9) '
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T he case where the intersection is a curve

MP, NP+l - compact submanifolds of a real

space form G/K of dimension n.

I“Q(M NgN) = /MﬂgN k2do.

Proposition

There exist constants ¢(p,n) and d(p,n) s.t.

/G 1% (M N gN)dg
— (c(p, n)I"V2(M) + d(p, n)lup(M)) vol(IN)

e(n—p+1,m)DV2(N) )

+VO|(M) ( —I—d(n —p+ 1,n)]un_p+1(N)

Theorem (Kang-Suh-S.)
In the previous Proposition
27 vol(SO(n+ 1))
p — 1vol(SP)vol(Sn—prt1)’

67 vol(SO(n + 1))
(p+ 2)(p — 1) vol(SP)vol(sn—rti)

c(p,n)

d(p,n)
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