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Introduction
G/K : Riemannian homogeneous space
M,N : submanifolds of G/K with

dimM + dimN ≥ dim(G/K)

∫

G

I(M ∩ gN)dµG(g) =

{

geometric invariants
of M and N

}

kinematic formula
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Examples
• Poincar é formula
Mp, N q ⊂ G/K : real space form
∫

G

vol(M ∩gN)dµ(g) = C(p, q, n)vol(M)vol(N)
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Examples
• Poincar é formula
Mp, N q ⊂ G/K : real space form
∫

G

vol(M ∩gN)dµ(g) = C(p, q, n)vol(M)vol(N)

• Chern-Federer formula
Mp, N q ⊂ R

n

0 ≤ 2l ≤ p+ q − n
∫

G

µ2l(M ∩ gN)dµG(g)

=
∑

0≤k≤l

C(n, p, q, k, l)µ2k(M)µ2(l−k)(N)
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Integral invariants

G/K : Riemannian homogeneous space
V ⊂ To(G/K) =: T

Definition� �

M ⊂ G/K : submanifold of type V
def
⇐⇒ ∃gx ∈ G s.t. (gx)

−1
∗ (TxM) = V for each

x ∈M
� �
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Integral invariants

II(V ) =
{

h : V × V → V ⊥; symmetric bilinear
}

K(V ) = {k ∈ K | k∗V = V }
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K(V ) = {k ∈ K | k∗V = V }

K(V ) acts on II(V ) by

(kh)(u, v) = k∗h(k
−1
∗ u, k−1

∗ v) (u, v ∈ V )

P : polynomial on II(V ) invariant under K(V )
M ⊂ G/K : submanifold of type V

IP(M) :=

∫

M

P(hMx )dµM
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Integral invariants
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EII(T ) = {H : T × T → T ; symmetric bilinear}

K acts on EII(T )

P : polynomial on EII(T ) invariant under K
M ⊂ G/K : submanifold

HM
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P : T → V
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Kinematic formula (Howard)
G/K : Riem. homog. space, G : unimodular
V,W ⊂ T , dimV + dimW ≥ dimT
P : K-inv. homog. poly. on EII(T )
Then there exist finite pairs (Qα,Rα) s.t.

(1) Qα : K(V )-inv. homog. poly. on II(V )

(2) Rα : K(W )-inv. homog. poly. on II(W )

(3) degQα + degRα = degP for each α

(4) for any submanifolds M of type V and N of
type W in G/K
∫

G

IP(M ∩ gN)dµG(g) =
∑

α

IQα(M)IRα(N)
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Transfer principle
G′/K ′ : Riem. homog. spaces, dimG′ = dimG

ρ : K → K ′ ; isomorphism
ψ : To(G/K) → To′(G

′/K ′) ; linear isometry s.t.

ψ ◦ k∗ = ρ(k)∗ ◦ ψ (∀k ∈ K)
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Transfer principle
G′/K ′ : Riem. homog. spaces, dimG′ = dimG

ρ : K → K ′ ; isomorphism
ψ : To(G/K) → To′(G

′/K ′) ; linear isometry s.t.

ψ ◦ k∗ = ρ(k)∗ ◦ ψ (∀k ∈ K)

⇒

{

K(V )-inv. poly.
on II(V )

}

ψ
∼=

{

K ′(ψV )-inv. poly.
on II(ψV )

}

⇒

∫

G′

IP
′

(M ′∩gN ′)dµG′(g) =
∑

α

IQ
′
α(M ′)IR

′
α(N ′)

holds for M ′ of type ψV and N ′ of type ψW in

G′/K ′.
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Two point homogeneous spaces
M : two point homogeneous space (TPHS)
def
⇐⇒ xi, yi ∈M with d(x1, y1) = d(x2, y2)

∃g ∈ Isom(M) s.t. gx1 = x2, gy1 = y2
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Two point homogeneous spaces
M : two point homogeneous space (TPHS)
def
⇐⇒ xi, yi ∈M with d(x1, y1) = d(x2, y2)

∃g ∈ Isom(M) s.t. gx1 = x2, gy1 = y2

M : isotropic
def
⇐⇒ Isom(M)x = {g ∈ Isom(M) | gx = x}

acts transitively on the unit sphere in TxM ,
for every x ∈M

M : TPHS ⇐⇒ M : isotropic

⇐⇒ M :
Euclidean space or
rank 1 symmetric space
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Poincaré formula in TPHS
G/K : TPHS, dim(G/K) = n
Mp, Nn−1 ⊂ G/K

∫

G

vol(M ∩ gN)dµG(g)

=
vol(K)vol(Sp−1)vol(Sn)

vol(Sp)vol(Sn−1)
vol(M)vol(N)
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Poincaré formula in TPHS
G/K : TPHS, dim(G/K) = n
Mp, Nn−1 ⊂ G/K

∫

G

vol(M ∩ gN)dµG(g)

=
vol(K)vol(Sp−1)vol(Sn)

vol(Sp)vol(Sn−1)
vol(M)vol(N)

Lemma� �

If G/K is a TPHS, then there is no homoge-
neous polynomial on II(V ) (resp. EII(T )) of
odd degree invariant under K(V ) (resp. K).

� �
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W2l(h) =
∑

1≤i1,...,i2l≤p
p+1≤k1,...,kl≤n

det

















hk1

i1i1
hk1

i1i2
. . . hk1

i1i2l

hk1

i2i1
hk1

i2i2
. . . hk1

i2i2l... ... . . . ...
hkl

i2l−1i1
hkl

i2l−1i2
. . . hkl

i2l−1i2l

hkl

i2li1
hkl

i2li2
. . . hkl

i2li2l

















O(V ) ×O(V ⊥)-inv. homog. poly. on II(V )
of degree 2l
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. . . hkl
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i2li1
hkl

i2li2
. . . hkl

i2li2l

















O(V ) ×O(V ⊥)-inv. homog. poly. on II(V )
of degree 2l

µ2l(M) := IW2l(M)
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• Hotelling-Weyl tube formula
M ⊂ R

n : p-dimensional submanifold

vol(τrM) =
∑

0≤2l≤p

C(n, p, l)µ2l(M)rn−p+2l
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• Hotelling-Weyl tube formula
M ⊂ R

n : p-dimensional submanifold

vol(τrM) =
∑

0≤2l≤p

C(n, p, l)µ2l(M)rn−p+2l

• Generalized Gauss-Bonnet theorem
M : compact oriented Riemannian manifold
of dimension 2l

µ2l(M) = C(l)χ(M)
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The case of degree2
The space of homogeneous polynomials of
degree 2 on II(V ) invariant under O(V ) ×O(V ⊥)
is spaned by

Q1(h) =
∑

1≤i,j≤p
p+1≤k≤n

(

hkij
)2

= ‖h‖2

Q2(h) =
∑

p+1≤k≤n

(

∑

1≤i≤p

hkii

)2

= p2H2
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The case of degree2
The space of homogeneous polynomials of
degree 2 on II(V ) invariant under O(V ) ×O(V ⊥)
is spaned by

Q1(h) =
∑

1≤i,j≤p
p+1≤k≤n

(

hkij
)2

= ‖h‖2

Q2(h) =
∑

p+1≤k≤n

(

∑

1≤i≤p

hkii

)2

= p2H2

W2(h) = Q2(h) −Q1(h)

Up(h) = pQ1(h) −Q2(h)
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Willmore-Chen functional

Up(h) =
∑

p+1≤k≤n

∑

i<j

(κi(ξk) − κj(ξk))
2
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Willmore-Chen functional
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∑
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∑
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2

〈 , 〉∗ = ρ2〈 , 〉 =⇒ κ∗i (ξ
∗
k) = ρ−1(κi(ξk) − λk)

Up(h)〈 , 〉 : conformal invariant
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Willmore-Chen functional

Up(h) =
∑

p+1≤k≤n

∑

i<j

(κi(ξk) − κj(ξk))
2

〈 , 〉∗ = ρ2〈 , 〉 =⇒ κ∗i (ξ
∗
k) = ρ−1(κi(ξk) − λk)

Up(h)〈 , 〉 : conformal invariant

Willmore-Chen functional� �

IU
p/2
p (M) :=

∫

M

(

Up(h
M
x )
)p/2

dµM(x)

� �
Talk at Kyungpook National University – p.15/20



Proposition (Chern-Federer, Howard, Kang-Suh-S.)

G/K : real space form
Mp, N q ⊂ G/K, 2 ≤ p+ q − n
∫

G

IW2(M ∩ gN)dg = a(p, q, n)IW2(M)vol(N)

+a(q, p, n)vol(M)IW2(N)

∫

G

IUp+q−n(M ∩ gN)dg = b(p, q, n)IUp(M)vol(N)

+b(q, p, n)vol(M)IUq(N)
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Transferred kinematic formulae
Let M and N be real hypersurfaces in a two point
homogeneous space G/K. Then the following
kinematic formulae hold:
∫

G

IW2(M ∩ gN)dµ
G
(g)

=
vol(K)

vol(SO(n))
a(n)

(

IW2(M)vol(N) + vol(M)IW2(N)
)

∫

G

IUn−2(M ∩ gN)dµ
G
(g)

=
vol(K)

vol(SO(n))
b(n)

(

IUn−1(M)vol(N) + vol(M)IUn−1(N)
)
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Generalized kinematic formula (Howard)

G/K : Riem. homog. space, G : unimodular
V,W ⊂ T , dimV + dimW ≥ dimT
P : K-inv. homog. poly. on EII(T )

Then
∫

G

IP(M∩gN)dµ(g) =

∫

M×N

IPK(V, hMx ,W, h
N
y )dµ(x, y)

holds for any submanifolds M of type V and N of

type W in G/K.
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Outline of the proof

IW2

K (V, h1, V, h(r)) =
vol(K)

vol(SO(n))
IW2

SO(n)(V, h1, V, h(r))
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Outline of the proof

IW2

K (V, h1, V, h(r)) =
vol(K)

vol(SO(n))
IW2

SO(n)(V, h1, V, h(r))

∃Q : K(V )-inv. homog. poly. on II(V ) of degree
2

IW2

K (V, h1, V, h(r)) = Q(h1) + Q(h(r))
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Outline of the proof

IW2

K (V, h1, V, h(r)) =
vol(K)

vol(SO(n))
IW2

SO(n)(V, h1, V, h(r))

∃Q : K(V )-inv. homog. poly. on II(V ) of degree
2

IW2

K (V, h1, V, h(r)) = Q(h1) + Q(h(r))

IW2

SO(n)(V, h1, V, h(r))

= a(n− 1, n− 1, n) (W2(h1) + W2(h(r)))

∴ Q =
vol(K)

vol(SO(n))
a(n− 1, n− 1, n)W2
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Problems

Problem 1� �
Can all kinematic formulae for hypersurfaces in
two point homogeneous spaces for integral in-
variants defined from O(T )-invariant homoge-
neous polynomials be obtained by transferring
from the case of real space forms?

� �
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Can all kinematic formulae for hypersurfaces in
two point homogeneous spaces for integral in-
variants defined from O(T )-invariant homoge-
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