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* Introduction

G /K : Riemannian homogeneous space
M, N : submanifolds of G/K with

dim M + dim N > dim(G/K)

/G I(M 1 gN)duglg) =

(

\

\

geometric invariants
of M and N

kinematic formula
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: Examples

Poincar é formula

MP N1 C G/K : real space form

/ vol(M NgN)du(g) = C(p, q,n)vol(M)vol(N)
G



: Examples

Poincar é formula

MP N1 C G/K : real space form
/ vol(M NgN)du(g) = C(p, g, n)vol(M)vol(N)
G

Chern-Federer formula

MP, N9 C R"
0<20<p+qg—n
/G por (M N gN)dpa(g)

= Y C(n,p.q, k, Dpor(M)pag_g) (N)

0<k<I

ional University — p.4
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" Integral invariants

G /K : Riemannian homogeneous space
VT, G/K)=T

-
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Definition
M C G/K : submanifold of type V/

def & Y9, € G s.t. (g.); (T, M) =V for each
re M
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G /K : Riemannian homogeneous space
VT, G/K)=T
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Definition
M C G/K : submanifold of type V/

def & Y9, € G s.t. (g.); (T, M) =V for each
re M

K ~ Gr,(T)




" Integral invariants

[I(V) = {h:V xV — V*; symmetric bilinear}
KV) = {keK|kV =V}
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" Integral invariants

= {h:V x V — V—; symmetric bilinear}
K(V)actson II(V) by

(kh)(u,v) = kh(k tu, ko) (w,v € V)

P : polynomial on I7(V') invariant under K (V)
M c G/K : submanifold of type V

IP(M) = /M P(hM ) duyy



" Integral invariants

EII(T)={H :T xT — T;symmetric bilinear}
K actson ETI(T)

Talk at Kyungpook National University 7120



" Integral invariants

EII(T)={H :T xT — T;symmetric bilinear}
K actson ETI(T)

P . polynomial on EII(T) invariant under K
M C G/K : submanifold

HY(u,v) := b (Pu, Pv) (u,v €T)
P:T—=YV



" Integral invariants

EII(T)={H :T xT — T;symmetric bilinear}
K actson ETI(T)

P . polynomial on EII(T) invariant under K
M C G/K : submanifold

HY(u,v) := b (Pu, Pv) (u,v €T)
P:T—=YV

IP(M) = /M P(HM dpys



* Kinematic formula (Howard)

G /K : Riem. homog. space, G : unimodular
V.IWwWcT, dmV4+dmW >dmT

P . K-inv. homog. poly. on ETI(T)

Then there exist finite pairs (9., R.) S.t.

(1) Q. : K(V)-inv. homog. poly. on I1(V)
(2) R, : K(W)-inv. homog. poly. on I1(WW)
(3) deg Q, + deg’R, = deg’P  for each «

(4) for any submanifolds M of type V and N of
type Win G/K

/ I7(M N gN)due(g Z 19(M
G



" Transfer principle

G'/K' . Riem. homog. spaces, dimG’' =dimG

p : K — K'; isomorphism

v : T,(G/K)— T,(G'/K') ; linear isometry s.t.
pok.=plk)oyp (ke K)
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" Transfer principle

G'/K' . Riem. homog. spaces, dimG’' =dimG

p : K — K'; isomorphism

v : T,(G/K)— T,(G'/K') ; linear isometry s.t.
pok.=p(k).oy (ke K)

K (V)-inv. poly. \ k4 ( K'(y)V)-inv. poly. \
= 4 = X
on II(V) on II(y)V) /

\ / \

(

= [ I7(M'NgN"Ydpug(g) =Y 19(M')I%(N')
G’ o

holds for M’ of type vV and N’ of type v in
G'/K'.



* Two point homogeneous spaces

M : two point homogeneous space (TPHS)

<d:ef> r;,y; € M with d(z1,y1) = d(x2, ys)

“g € 1som(M) s.t. gz = 22, gy1 = Ys
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* Two point homogeneous spaces

M : two point homogeneous space (TPHS)

<d:ef> r;,y; € M with d(z1,y1) = d(x2, ys)

“g € lsom(M) s.t. g1 = 3, gy1 = ¥

M : Isotropic

g Isom(M), = {g € Isom(M) | gxr = x}

acts transitively on the unit sphere in 7, M,
for every x € M

M : TPHS <= M :Isotropic

Euclidean space or
— M : :
rank 1 symmetric space
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* Poincaré formula in TPHS
G/K : TPHS, dim(G/K) =n
MP N1 c G/K

/G vol(M N gN)dpug(g)

_ vol(K)vol(SP~1)vol(S™)

vol(SP)vol(S™—1) vol(M)vol(N)




* Poincaré formula in TPHS

G/K : TPHS, dim(G/K) =n
MP,N"'c G/K

/G vol(M N gN)dug(9)

~ vol(K)vol(SP~1)vol(S™)
a vol(.SP)vol(S™—1)

vol( M )vol(N)

-

\_

Lemma

If G/K is a TPHS, then there is no homoge-
neous polynomial on I1(V) (resp. EI1I(T)) of
odd degree invariant under K (V') (resp. K).

~




I k1 k1 k1
h%il h;’;z’z . h%m
1 1 1
h’ig’il h’ig’ig t hi2i2l
Wy(h)= 3 det
1<iq .. yigy <p ki ki ki
p+1<ky,....kj<n ’62]é—1’&1 ’&2]é—1’&2 " ZQ}é—l’Ql
l l l
h’igl’il h’i2l’i2 - hi2li2l

O(V) x O(V+)-inv. homog. poly. on I1(V)
of degree 2/
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I k1 k1 k1
h%il h;’;z’z . h%m
1 1 1
h’ig’il h’ig’ig t hi2i2l
Wy(h)= 3 det
1<iq .. yigy <p ki ki ki
p+1<ky,....kj<n ’62]é—1’&1 ’&2]é—1’&2 " ZQ}é—l’Ql
l l l
h’igl’il h’i2l’i2 - hi2li2l

O(V) x O(V+)-inv. homog. poly. on I1(V)
of degree 2/

pg (M) = V(M)
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Hotelling-Weyl tube formula
M C R" : p-dimensional submanifold

vol(r, M) = > C(n,p, 1) pzy(M)r" 7+

0<2[<p
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Hotelling-Weyl tube formula
M C R" : p-dimensional submanifold

vol(7,. M Z C(n, p, D) por(M)r™ P+

0<2[<p

Generalized Gauss-Bonnet theorem
M : compact oriented Riemannian manifold
of dimension 2!

poy (M) = C(1)x (M)

Talk at Kyungpook National Univer.
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" The case of degreé

The space of homogeneous polynomials of

degree 2 on I1(V) invariant under O(V) x O(V+)
IS spaned by

Qi(h) = 3 (hE) =|lh|?

1<i,j<p
p+1<k<n

Q(h) = ) (Z hﬁ%—) — p’H”

p+H1<k<n \1<:<p



" The case of degreé

The space of homogeneous polynomials of

degree 2 on (V) invariant under O(V) x O(V+)
IS spaned by

Qi(h) = 3 (hE) =|lh|?

1<i,j<p
p+1<k<n

Qy(h) = Y (Z hk) — p*H?

p+H1<k<n \1<:<p

Wh(h) = Qa(h) — Q1(h)
U,(h) = pQi(h) — Qa(h)



* Willmore-Chen functional

U(h) = > D> (kil&) = ri(&)°

p+1<k<n i<j



* Willmore-Chen functional

Uy =D > (ril&) = (&)’

p+1<k<n i<j

()Y =p() = K& =p (k&) — )

U,(h)( , ) : conformal invariant



* Willmore-Chen functional

Uy =D > (ril&) = (&)’

p+1<k<n i<j

()Y =p() = K& =p (k&) — )

U,(h)( , ) : conformal invariant

- Willmore-Chen functional ~

14" (M) = /M Uy ()" dpys ()




' PrOpOSitiOn (Chern-Federer, Howard, Kang-Suh-S.)

G /K : real space form
MP NIC G/K, 2<p+q—n

/GIWQ(MﬂgN)dg = a(p, q,n)"V*(M)vol(N)

+a(q, p,n)vol(M)I"*(N)

[ 1 (M gN)g = b, g, m) PO vOl(N)
G

+b(q, p, n)vol(M)I"(N)
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" Transferred kinematic formulae

_et M and N be real hypersurfaces in a two point
nomogeneous space G/ K. Then the following
KiInematic formulae hold:

/G 12 (M 1 gN)dps(9)

vol( K)

= w500y M (I (M)vol(N) + vol (M) "™ (N))

/G [%-2(M 1 gN)dpg(g)

~ vol(K)
~ vol(SO(n))

b(n) (I~ (M)vol(N) + vol(M)I[“—(N))



" Generalized kinematic formula Howard)

G /K : Riem. homog. space, G : unimodular
VIwcT, dmV4+dmW >dimT
P . K-inv. homog. poly. on ETI(T)

Then

G M xN

holds for any submanifolds M of type V and N of
type Win G/K.
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* Outline of the proof

vol( K)
vol(SO(n)) *

[WQ(V h v h( )) [W2( )(V7 h17 v7 h(?"))
5Q 1 K(V)-inv. homog. poly. on I1(V) of degree
2

I*(V, he, Vo h(r) = Q(hn) + Q(h(r))



* Outline of the proof

I (V. ha, V, h(r)) = VO‘I’(O;(O%)) % (Vo hi, V. h(r))

“Q 1 K(V)-inv. homog. poly. on I1(V) of degree
2

> (Vo Voh(r) = Q) + Q(h(r))

I%(n)(v, hl, V, h(?"))
= a(n—1,n—1,n) Wh(h1) + Wa(h(r)))



* Outline of the proof

I (V. ha, V, h(r)) = VO‘I’(O;(O%)) % (Vo hi, V. h(r))

“Q 1 K(V)-inv. homog. poly. on I1(V) of degree
2

> (Vo Voh(r) = Q) + Q(h(r))

]g\g (V7 hlvvah(r))

= a(n—1,n—1,n) Wh(h1) + Wa(h(r)))

(n)

- Vol(K)
Q= voI(SO(n))a(n ~Ln—1n)W,




* Problems

- Problem 1 ~

Can all kinematic formulae for hypersurfaces in
two point homogeneous spaces for integral in-
variants defined from O(T')-invariant homoge-
neous polynomials be obtained by transferring
from the case of real space forms?




* Problems

Problem 1

-

\_

Can all kinematic formulae for hypersurfaces in
two point homogeneous spaces for integral in-
variants defined from O(T')-invariant homoge-
neous polynomials be obtained by transferring
from the case of real space forms?

~

Y

-

\_

Problem 2

Does Theorem hold for a real hypersurface N
and any dimensional submanifold M ?

~

Y
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